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Abstract: We present the final results of our high statistics study on the properties of
bottomonium and charmonium at finite temperature. We focus on the temperature range
around the crossover transition 150 ≤ T ≤ 410MeV, relevant for current heavy ion colli-
sion experiments. The QCD medium degrees of freedom which consist of dynamical u,d,
and s quarks and gluons are captured by realistic state-of-the art (mpi ≈ 161MeV) lattice
QCD simulations of the HotQCD collaboration. For the heavy quarks we deploy the non-
relativistic effective field theory of QCD, NRQCD. The in-medium properties of quarkonium
are deduced from their spectral functions, which are reconstructed using improved and novel
Bayesian approaches. Through a systematic analysis we shed light on the origin of the dis-
crepancies in melting temperatures previously reported in the literature, showing that they
are owed to underestimated methods uncertainties of the deployed spectral reconstructions.
Our simulations corroborate a picture of sequential in-medium modification, ordered ac-
cording to the vacuum binding energy of the states. As a central quantitative result, our
study reveals how the mass of the heavy quarkonium ground state reduces as temperature
increases. The observed spectral modifications are interpreted in the light of, and compared
to previous studies based on the complex lattice potential for heavy quarkonium. Thus for
the first time we provide a robust picture of in-medium heavy quarkonium modification
in the quark-gluon plasma consistent among different non-relativistic methods. We also
critically discuss the perspectives for improving on these results.
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1 Introduction
Resolving different temporal stages of a relativistic heavy-ion collision is a crucial require-
ment to truly understand the genesis and the evolution of the Quark-Gluon Plasma (QGP)
[1, 2]. The early time stage is characterized by strongly interacting matter far away from
even local thermal equilibrium with large momentum anisotropy. In the intermediate to
late time stage, local thermal equilibrium may have been achieved and different physical
processes may become important. The experimentalists toolkit contains several classes of
observables that hold the promise of eventually granting a time resolved window into the
collision center. Among them are electromagnetic and hard probes. A representative of the
former are photons. The observation of a Boltzmann type distribution in photon yields at
low momenta at RHIC [3] and LHC [4] was initially interpreted as a representative signal for
the temperature of QGP. Later more detailed studies of photon production in the context of
hydrodynamic models [5] and of photon production at early time [6] have shown that non-
thermal physics can also lead to similar spectral shapes. Thus, distinguishing the photons
produced at each stages of the collision remains a challenging subject to date. In contrast,
heavy quarkonia, bound states of a heavy quark and antiquark, play a unique role among
hard probes [7, 8]. The reason lies in the fact that a separation of scales exists between
the heavy quark masses (mMSc = 1.28(3)GeV, mMSb = 4.18(4)GeV) [9], the characteristic
scale of quantum fluctuations in QCD (ΛQCD ≈ 0.2− 0.5 GeV) and the characteristic tem-
peratures of a relativistic heavy-ion collision (T . 0.6GeV). This scale separation allows us
to quantitatively understand hadronic processes involving heavy quarks by use of various
factorization theorems. According to this understanding, creating heavy quarks and anti-
quarks is mainly possible in the early stage of a collision, where partons from the incoming
nuclei can deposit their kinetic energy into exciting a pair from the vacuum. Subsequently,
it is those quark pairs from the early stage that traverse the collision region, interacting
with the rest of the bulk matter created therein and thus sampling the full evolution of the
collision. In this work, we concentrate on quarkonia.
1.1 Phenomenological consideration
Originally, quarkonium, considered in a purely thermal context, had been proposed as gold
plated signal for the creation of a QGP [10], since the force binding two quarks together
weakens due to the presence of deconfined color charges. Thus a relative depletion of
their yields in a heavy-ion collision compared to that in a p + p collision was proposed
and indeed subsequently measured at RHIC [11–16] and LHC [17–23]. Taking a more
quantitative angle, it was argued that the suppression would be ordered according to the
binding energy of the vacuum quarkonium states [24]: more weakly bound states dissociate
at lower temperatures than the more strongly bound ones. In turn a detailed measurement
of different quarkonium states would allow them to take on the role of a strongly interacting
thermometer for heavy-ion collisions [25].
At the comparatively low RHIC energies, around O(10) cc¯ and O(1) bb¯ pairs are ex-
pected to be created in each collisions (one has to bear in mind that the nuclear parton
distribution functions can have an impact of around 10% for bottomonium and 20% for
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charmonium on the suppression besides medium effects. This is known as shadowing effect.
[8, 26]). However, both charmonium and bottomonium yields show a significant suppression
and this experimental observation is commonly expressed in terms of the nuclear modifica-
tion factor RAA < 1. This quantity decreases monotonously as more nucleons participate
in the collisions. Also, it is interesting to note that at least for charmonium suppression
no significant dependence on the beam energy is observed in the RHIC beam energy scan
program [8].
At the higher LHC energies the number of heavy quark pairs increases to O(100)
for cc¯ and O(10) for bb¯ changing the physics significantly for the charm quarks. The
abundance of charm quarks (possibly deconfined) in the collision center allows them to
meet at the time of freezeout and to form a quarkonium bound state in significant numbers
even if they have become completely decorrelated from the original partner with which
they had been produced. This regeneration or recombination production channel will lead
to a replenishment of yields for charmonium. This phenomenon had been first predicted
in the context of the statistical model of hadronization [27, 28] and is clearly evidenced by
measurements of the ALICE collaboration [17].
At first the success of the statistical model for charmonium may come as a surprise, had
one originally thought of as quarkonium as test particle which samples the QGP as it plows
through the collision center. However current heavy-ion collisions produce a QGP with
an estimated lifetime around τQGP ≈ O(10)fm, which leaves enough time for the charm
quarks to interact often enough with their surrounding so that partial kinetic equilibration
may be achieved. Strong evidence for such a scenario at the LHC is found in the recent
measurements of a finite elliptic flow for the J/Ψ particle [29, 30], the ground state of
the vector channel cc¯. This indicates that indeed the individual charm quarks partake in
the collective motion of the surrounding bulk. Such an at least partial equilibration in
turn entails a loss of memory about the initial conditions of the charm quarks which forms
charmonium system. In short, at LHC charmonium will become a messenger of the late
stages of the collision.
Bottomonium at the LHC behaves however very similar to charmonium at RHIC. Di-
muon spectra obtained by the CMS collaboration show a clear pattern consistent with
a sequential in-medium modification, by which we simply mean that the ratio of excited
states to ground states Υ(2S)/Υ(1S) and Υ(3S)/Υ(1S) are consecutively smaller (see e.g.
[22, 23]). Between Run 1 and Run 2, the beam energy for heavy ion increased from
√
sNN =
2.76TeV to 5.02TeV which imprinted itself differently on the RAA of the two flavors. While it
increased the value for charmonium (consistent with even higher recombination), it slightly
lowered that of bottomonium. This again supports the picture of bottomonium suppression
being dominated by the melting of initially bound bottom anti-bottom pairs.
The fact that bottomonium interacts with the bulk matter over its full lifetime and that
there is of yet no direct evidence for an equilibration of the bottom quarks is promising.
It entails that we may extract from its yields properties of the QGP at earlier times than
those charmonium informs us about. The combination of charmonium and bottomonium
thus provides us an access to different regimes of the heavy-ion collision. One should note
however that with increasing beam energy also bottom quarks will eventually becomes
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kinetically equilibrated. While at Run 1 with
√
sNN = 2.76TeV there were indeed no direct
hints at a possible equilibration of bottom quarks it is still unclear whether this is still the
case at
√
sNN = 5.02TeV (see e.g. discussion in [31]).
A quantitative description of charmonium RAA has been achieved by different phe-
nomenological approaches. Continuous dissolution and regeneration occurring in the QGP
is implemented by transport models based on the Boltzmann [32] or kinetic rate equa-
tions [33–39]. For bottomonium, solving a Schrödinger equation with a complex potential,
embedded in a dynamical hydrodynamic background provides another viable alternative
[31, 40–45]. A first principle understanding of both the inputs to, as well as the range of
applicability of such phenomenological models is needed to further insight of underlying
QCD.
1.2 Considerations in thermal equilibrium
The modest goal of this work is to provide quantitative insight into the properties of heavy
quarkonium in thermal equilibrium. From the above discussion, our result will be most
relevant for an understanding of the late stages of a heavy ion collision. We will in the
following consider both charm and bottom quarks immersed in a static medium at fixed
temperature. The most basic questions to ask and which we attempt to answer are: at which
temperature do heavy quarkonium states dissolve, relating to their role as thermometer,
and how do their properties change as they are heated up. Answers to these questions
will give us hints as to how their production is modified. If the in-medium mass increases
one may expect that at hadronization the number of vacuum states produced from the
in-medium states will decrease. Vice versa, a lowering of the in-medium mass may lead to
a more abundant production at hadronization [46].
In the language of quantum field theory the properties of bound states can be extracted
from so called spectral functions. These objects are defined from heavy quarkonium two-
point correlation functions and their functional form offers an intuitive picture of the physics
involved. Stable bound states available to the system correspond to delta-peak like struc-
tures situated at a certain frequency, denoting the mass of the corresponding particle. In
case of a resonance or thermally unstable particle the peak broadens and acquires a finite
width according to its inverse lifetime. At finite temperature this width consists of both
a loss channel contribution and a thermal excitation contribution, i.e. the width does not
only encode the annihilation decay of the quarkonium into other light particles (light quarks
and gluons) but also that it may be excited by the medium into another more weakly bound
state. In the presence of medium of light quark flavors, it can become energetically favorable
for the heavy quarks to pair instead with one of the light quarks forming a D or B meson.
Due to the further particles involved, the system may now carry a continuous spectrum
of energy leading to a threshold above which the spectral function goes into a extended
continuum structure.
In thermal equilibrium there exists a direct relation between the peak structures in the
spectral function and the dilepton decay rates of the corresponding particles [47], allowing a
first principles connection from theory to measured yields. This fact is exploited in the study
of in-medium modification of light meson spectra. It is important to understand, however,
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that in the case of a heavy quarkonium in heavy ion collisions such a scenario is never met.
The yields measured in experiment are those of T = 0 states because decays of quarkonium
into di-muon mostly happen long after the QGP has ceased to exist. Were the detectors at
LHC capable of resolving quarkonium states as well as dedicated quarkonium factories, we
would observe that all peaks are those of the vacuum particles. Thus, we need to connect
the in-medium properties via the process of hadronization to the yields of vacuum particles,
but no consistent theory framework exist yet. A recent proposal to translate in-medium
spectral functions to vacuum particle yields has been discussed in [46, 48] where the area
of the in-medium spectral structure was expressed in units of the vacuum spectral function
area of the same state, defining the number of produced vacuum states at freezeout in that
way. More work on a first principles understanding of hadronization however is called for.
Let us also remark on a concept often discussed in phenomenology, the melting tem-
perature of heavy quarkonium. It is important to note that the popularity of this concept
historically stems from the use of real-valued model potentials (see e.g. [49]) with which a
Schrödinger equation was solved. In such a setting a more and more screened potential will
eventually be unable to support a bound state and the temperature where this happens in
uniquely defined [50]. In the modern view of heavy quarkonium as open quantum system
[51–62] where “open” means a contact with a thermal bath, it is known that the poten-
tial between heavy quarks actually takes on complex values [63–69], related to kicks of the
medium onto the color string binding the pair. In the language of spectral functions, a com-
plex potential induces a thermal width in the in-medium state, which then merges smoothly
with the continuum [46, 48, 70, 71]. This makes a definition of the melting temperature
rather ambiguous.
Currently, the most commonly used definition of the melting temperature is that this
temperature is the point at which the in-medium binding energy equals the thermal width.
Let us reiterate that the thermal width is not just a measure of the heavy quark pair
annihilating into gluons but instead also quantifies the probability of the bound state being
excited to higher lying states by interactions with the medium. The development of a fully
dynamical description of heavy quarkonium as open quantum system is an active and fast
moving field of research. Our study of the equilibrium properties of quarkonium can provide
an important input to this field as the benchmark toward which any dynamical evolution
in a static medium should thermalize.
In order to compute heavy quarkonium spectral functions at temperatures relevant in
heavy ion collisions, we need to resort to genuinely non-perturbative methods. The temper-
ature range of the current generation of heavy ion collisions spans 120 < T < 600MeV. As
experimentally intended, it includes the crossover transition region from hadronic matter
to the QGP [72–76]. There the QGP is strongly correlated, as indicated by the large value
of the trace anomaly (also known as the interaction measure) [73, 74] and the effective
coupling defined in terms of static quark anti-quark free energy [77]. Even at T = 600MeV,
however, it is not clear a priori, how well perturbative methods can describe various aspects
of quark gluon plasma. Some quantities likes the pressure [75, 76] and quark number sus-
ceptibilities [78–80] are reasonably well described by perturbative methods, other quantities
that are sensitive to chromo-electric screening, e.g. the free energy of a static quark, are
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described by perturbative calculations only at much higher temperatures [77, 81, 82]. In
order to capture QCD in a non-perturbative setting, we thus deploy lattice QCD, a proven
first principles approach to the strong interactions.
While lattice QCD has made possible vital insight into the static properties of the
QCD medium it remains challenging to extract dynamical properties, such as spectral
functions from these simulations because lattice simulations are carried out in Euclidean
time. Contrary to the Minkowski time domain, computing spectral functions in Euclidean
time requires us to tackle an ill-posed inverse problem. In this study we use methods from
Bayesian inference to provide a regularization of the unfolding task. Besides deploying novel
methods, such as the BR method [83] and a smooth extension thereof [84], we also compare
to established approaches, such as the Maximum Entropy Method (MEM) [85, 86].
A further challenge is the inclusion of heavy quark degrees of freedom in the lattice sim-
ulation, since in the standard relativistic formulation they require very fine lattice spacings
compared to the typical scales resolved in the QCD medium. This separation of scales how-
ever will be turned into an advantage in this study by deploying instead a non-relativistic
effective field theory (EFT) on the lattice called NRQCD [87–89]. NRQCD has been es-
tablished as precision tool for vacuum spectroscopy (see e.g. [90]) and is straight forwardly
applicable to heavy quarks also at finite temperature in the nonperturbative regime close to
Tc. Another technical benefit of NRQCD is that its correlation functions are not periodic in
Euclidean time and thus the full temporal extent remains accessible for use in spectral re-
constructions, and is free from the zero mode problem in the two-point correlation function
associated with susceptibility [91–93].
The study of quarkonium in-medium spectral properties has a long history using both
relativistic and non-relativistic heavy quark formulations. The former has been deployed
mostly in the study of charmonium [94–107], where also full QCD simulations can be
realized. Bottomonium on the other hand requires so small lattice spacings that currently
only quenched QCD results exist [97, 103, 108]. The FASTSUM collaboration on the other
hand has studied bottomonium in lattice NRQCD on anisotropic lattices over the past years
[109–112]. Besides the use of anisotropy their approach further differs from ours in that
they deploy a fixed scale approach, i.e. temperature is varied by changes in the number
of Euclidean lattice sites with a fixed lattice spacing. In addition the pion mass on their
second generation ensembles currently in use remains higher than that available on the
latest generation isotropic lattices used here.
An important part of this study is to understand how different Bayesian methods
may have lead to disagreement on e.g. melting temperatures, in particular for the P-
wave quarkonium states. We propose a reconciliation by systematically investigating the
uncertainty of the results using different methods, placing particular care on the influence
of the role of smoothing.
Preliminary results of this study have been presented at various conferences and work-
shops (e.g. [113, 114]).
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1.3 The main results
For the reader foremost interested in the physics content of this study we here summarize
the four main results presented in the manuscript:
• We have extended our previous analysis of in-medium NRQCD correlation functions
from bottomonium to include also charmonium and significantly reduced the statisti-
cal uncertainties (Fig. 16). The inspection of these correlation functions corroborates
with high significance a picture of sequential in-medium modification1. I.e. the effect
of the medium manifests itself more strongly in states, which have a lower vacuum
binding energy, or correspondingly which have a larger spatial vacuum extent.
• We provide improved estimates of the melting temperatures from an inspection of the
spectral functions from three different reconstruction prescriptions, the BR method,
a smooth variant thereof and the Maximum Entropy Method (Fig.21 and Fig.22).
TΥ > 407MeV, Tχb1 ∈ [185, 223]MeV, TJ/Ψ ∈ [200, 210]MeV, Tχc1 / 185MeV
(1.1)
As a crosscheck, using the same reconstruction as other studies in the literature (e.g.
MEM) we obtain very similar results. However the use of different reconstructions
allows us to shed light on the systematic uncertainties of the obtained temperatures,
leaving us with a melting region instead of a single temperature.
• This study provides an improved determination of in-medium mass shifts (Fig.24)
of bottomonium and charmonium, shown below are the value at an intermediate
temperature:
∆mΥ(T = 185MeV) = −13(4)MeV, ∆mχb1(T = 185MeV) = −55(12)MeV
∆mJ/Ψ(T = 185MeV) = −50(6)MeV, ∆mχc1(T = 185MeV) = −115(35)MeV
(1.2)
The obtained negative values are again ordered in magnitude with the vacuum binding
energy of the vacuum state as suggested by sequential in-medium modification. They
furthermore are fully consistent with the non-perturbative implementation of the ef-
fective field theory pNRQCD. On the other hand they tell us that weakly coupled
pNRQCD, which predicts a positive mass shift is not applicable in the temperature
range considered here. In order to obtain these results the selection of a the correct
vacuum reference was crucial (gray squares vs. blue crosses in Fig.24). I.e. while our
raw results for the in-medium masses are very similar to those obtained in previous
studies (e.g. by the FASTSUM collaboration) our final result and conclusion differs
significantly.
1Note that this does not automatically imply a sequential suppression to be observed in a heavy-ion
collision
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• Mock data tests reveal that in order to improve on the results presented in this study,
significant efforts are needed in the simulation of quarkonium in lattice QCD. We
find that simply going towards the continuum limit does not significantly improve the
reconstruction of the bound state peaks but will at least provide more reliable insight
into the continuum structure of the spectral function. As a first route, focus should
be placed on bringing simulations on anisotropic lattices to the same level of realism
as those on isotropic lattices (in terms of pion masses) but ultimately genuinely novel
ideas, such as an extension of the multilevel algorithm to full QCD will be needed.
A more detailed discussion of the methods and results will be presented in the following
chapters, starting in sec.2 with a summary of the lattice QCD simulation setup (sec. 2.1)
followed by a detailed description of the implementation of lattice NRQCD (sec. 2.2).
We introduce the Bayesian approach to spectral function reconstruction in sec. 2.3 and
discuss our strategy how to reconcile results from different Bayesian methods in sec.2.4.
The study of correlators and spectral functions at zero temperatures in sec.3 provides a
benchmark for the reliability of the NRQCD approximation (sec.3.1) as well as the Bayesian
reconstruction (sec.3.5). We present our finite temperature results in sec.4 starting with the
raw correlators (sec4.1) and a subsequent investigation of their spectral functions (sec.4.2).
Our main quantitative result of the in-medium mass shifts is discussed in sec.4.4. We close
in sec.5 with a summary and an outlook, which critically discusses possible routes towards
improving on our results.
2 Numerical methods
In this section we outline the individual methods we combine in our study to non-perturbatively
determine the in-medium properties of heavy quarkonium at finite temperature. We first
introduce the lattice QCD simulations used to capture the gluons and light dynamical
quarks. Next, we provide a detailed description of our implementation of the lattice ef-
fective field theory NRQCD for the heavy quarks. Finally we discuss the improved and
novel Bayesian methods, which are deployed in the reconstruction of spectral functions
from lattice NRQCD correlation functions.
2.1 Lattice simulations for the QCD medium
In order to obtain a realistic description of the QCD medium in which the heavy quark
anti-quark pair will be immersed in, we take advantage of high statistics state-of-the-art
lattice QCD simulations of the HotQCD collaboration, including fully dynamical u,d and
s quarks. Being interested in the temperature range of 150 < T < 410MeV, relevant for
the late stages of current heavy-ion collisions at RHIC and LHC, simulations with (u, d, s)
quarks are sufficient. The contribution of charm and bottom quarks to the thermodynamic
properties of the medium at these temperatures is indeed small [75].
We combine finite temperature lattices from two studies [72, 74] originally designed for
the study of the transition temperature and the QCD equation of state. The number of
grid points on the lattices is fixed at 483 × 12 and temperature is changed by a variation
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β Volume L[fm] a[fm] u0 Mba Mca
6.664 323 × 32 3.74 0.117 0.87025 2.76 0.757
6.740 483 × 48 5.22 0.109 0.87288 2.57 0.704
6.800 323 × 32 3.28 0.103 0.87485 2.42 0.664
6.880 483 × 48 4.56 0.095 0.87736 2.24 0.615
6.950 323 × 32 2.85 0.089 0.87945 2.10 0.576
7.030 483 × 48 3.96 0.082 0.88173 1.95 0.534
7.150 483 × 64 3.54 0.074 0.88493 1.74 0.477
7.280 483 × 64 3.14 0.066 0.88817 1.55 0.424
7.373 483 × 64 2.89 0.060 0.89035 1.42 -
7.596 643 × 64 3.15 0.049 0.89517 1.16 -
7.825 643 × 64 2.58 0.040 0.89962 0.95 -
Table 1. Parameters of the HISQ lattice configurations at T = 0, which are used to calibrate the
NRQCD energy shift and in cross-checks of the Bayesian reconstruction methods. For each lattice
spacing there are 400 configurations available.
β T T/Tc a(fm) u0 Mba Mca N bb¯conf
6.664 140 0.882 0.117 0.87025 2.76 0.76 420
6.700 145 0.914 0.113 0.87151 2.67 0.73 690
6.740 151 0.950 0.109 0.87288 2.57 0.70 2940
6.770 155 0.978 0.106 0.87388 2.49 0.68 680
6.800 160 1.01 0.103 0.87485 2.42 0.66 3690
6.840 166 1.05 0.0987 0.87612 2.33 0.64 830
6.880 173 1.09 0.0950 0.87736 2.24 0.62 1000
6.910 178 1.12 0.0924 0.87827 2.18 0.60 460
6.950 185 1.16 0.0889 0.87945 2.10 0.58 4110
6.990 192 1.21 0.0856 0.88060 2.02 0.55 520
7.030 199 1.25 0.0825 0.88173 1.95 0.53 4070
7.100 212 1.34 0.0773 0.88363 1.82 0.50 990
7.150 223 1.40 0.0738 0.88493 1.74 0.48 3740
7.280 251 1.58 0.0655 0.88817 1.55 0.42 3630
7.373 273 1.72 0.0602 0.89035 1.42 - 4030
7.596 333 2.09 0.0493 0.89517 1.16 - 4000
7.825 407 2.56 0.0403 0.89962 0.95 - 4060
Table 2. Parameters of the HISQ lattice configurations at T > 0 with size 483×12, which underlie
the extraction of the in-medium spectral functions. For charmonium we have a evaluated the
correlators on N cc¯conf = 400 configurations each.
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of the lattice spacing. Dynamical quarks, based on the Highly Improved Staggered Quark
(HISQ) action for Nf = 2 + 1 flavors are included, where the strange quark mass ms is
tuned to take on physical values. The light quark masses are set to ml = ms/20, which
leads to an almost physical pion mass in the continuum limit of mpi = 161 MeV.
The continuum limit value of the chiral transition temperature determined from these
lattices lies at Tpc = 154(9) MeV. Its value at finite lattice spacing and Euclidean extent
Nτ = 12 on the other hand is T latpc = 159(3) MeV, which is however compatible with the
physical result within its uncertainties. The updated results for the transition temperature
from HotQCD collaboration, Tc = 156.5(1.5) MeV also agrees with the above number
within errors [115]. We therefore refer in the following simply to Tpc and in some cases
quote temperatures in units thereof.
For calibration purposes and methods cross-checks, configurations at zero temperatures
are also used. They are computed on 323 and 643 spatial lattices at the same values of the
lattice parameter β as the corresponding finite temperature configurations.
Compared to our previous study on in-medium heavy quarkonium, we not only enlarge
the temperature range surveyed from T oldmax = 251MeV = 1.58Tc to T newmax = 407MeV =
2.56Tc for bottomonium but at the same time also increase the number of available lattice
configurations significantly. It amounts to a four-fold increase at zero temperature to 400
per lattice spacing, while at finite temperature we have an eight to ten-fold increase to 3000
or 4000 configurations at those temperatures, for which also zero temperature calibration
lattices are available. Statistics at the other lattice spacings can reach up to three times
the previous value. Details about the physical box size, temperature, lattice spacing and
statistics can be found in Tab.1 for the zero temperature ensembles and in Tab.2 for the
high temperature ensembles. Note that we follow the improved determination of lattice
spacings in [74], which leads to percent-level differences in the values of the lattice spacing
and temperature compared to our previous work.
2.2 Lattice NRQCD for heavy quarks
As mentioned in the introduction, we choose to deploy the non-relativistic effective field
theory NRQCD [89], discretized on the lattice [88], in order to describe the heavy quark
degrees of freedom. This choice is a compromise between accuracy and feasibility, since
a fully relativistic description of heavy quarks e.g. with the same HISQ action as used
for the u,d, and s quarks would require a much finer lattice spacing if bottom quarks are
to be considered. In addition relativistic correlation functions necessarily obey the KMS
relation, i.e. they are symmetric around the center of the Euclidean time domain, in essence
depriving us of half of the usable information contained in the simulation.
The EFT approach on the other hand relies on a systematic expansion of the QCD
Lagrangian in increasing powers of v ∼ p/(Mqa) (in contrast to an expansion directly in
(Mqa)
−1, as in the EFT called heavy quark effective theory [116, 117]). Radiative correc-
tions to NRQCD on the lattice have been investigated in detail [118] for a discretization
scheme that is different from ours. Therefore, the role of radiative corrections in our cal-
culations is unknown. We take the acceptable reproduction of the vacuum mass shifts as
indication that our simulations are reliable at all lattice spacing and quark masses con-
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sidered. This stability argument also underlies our decision to limit the investigation of
charmonium in NRQCD to temperatures up to T = 1.58Tc or a = 0.066fm, since for finer
lattices the convergence of the NRQCD expansion was not satisfactory anymore.
Let us discuss the details of the implementation, where we follow the lattice discretiza-
tion to order O(v4) of the NRQCD Lagrangian in Euclidean time originally developed in
[88, 119] and applied early on at finite temperature in [120].
It amounts to an expansion of the QCD heavy-quark Lagrangian in the form
L = L0 + δL, (2.1)
where the leading order contribution reads
L0 = ψ†
(
Dτ − D
2
2Mq
)
ψ + χ†
(
Dτ +
D2
2Mq
)
χ, (2.2)
and its corrections are summarized in
δL =− c1
8M3q
[
ψ†(D2)2ψ − χ†(D2)2χ
]
+ c2
ig
8M2q
[
ψ† (D ·E−E ·D)ψ + χ† (D ·E−E ·D)χ
]
− c3 g
8M2q
[
ψ†σ · (D×E−E×D)ψ + χ†σ · (D×E−E×D)χ
]
− c4 g
2Mq
[
ψ†σ ·Bψ − χ†σ ·Bχ
]
. (2.3)
We denote by Dτ and D the gauge covariant derivatives in temporal and spatial di-
rection respectively and use ψ and χ to refer to the the two-component Pauli spinor fields
of the heavy quark and antiquark. We use the leading order for the Wilson coefficients ci
in eq.(2.3), i.e. ci = 1, since perturbative calculations of these coefficients for the lattice
discretization used by us are not available. It is important to note that some of the effects
of higher energy scales (≥ Mq) reflected otherwise in a deviation of ci from unity will be
incorporated instead by the use of tadpole improvement.
Since the quark and antiquark fields are fully decoupled to this order in the NRQCD
Lagrangian, the forward and backward propagating modes contributing equally to the rel-
ativistic correlator can actually be distinguished. Instead of having to solve a boundary
value problem for the propagation of the original four-component Dirac spinor, we need
to solve an initial value problem for each of the two two-component Pauli spinors present.
Each quark and antiquark propagator then becomes a non-periodic function in Euclidean
time, which combined appropriately would nevertheless fashion an approximation of the
symmetric relativistic correlator. On the level of a spectral function we may think of each
correlator representing either the positive frequency or negative frequency regime of the
antisymmetric relativistic spectral function we originally started out from in QCD.
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The initial value problem for the NRQCD propagator can be cast in the form of a
diffusion-like equation, which when discretized with an explicit forward scheme reads
G(x, τ0) = S(x),
G(x, τ1) =
(
1− H0
2n
)n
U †4(x, τ0)
(
1− H0
2n
)n
G(x, τ0),
G(x, τi) =
(
1− H0
2n
)n
U †4(x, τi−1)
(
1− H0
2n
)n
× (1− δH)G(x, τi−1). (2.4)
To handle efficiently the spatial delta function that the propagator has to equal at initial
time τ0 = 0, we introduce here a complex valued random point source S(x), diagonal in
spin and color. It helps to improve the signal to noise ratio in the actual computation,
where multiple correlators are computed starting from random sources placed on different
time slices τstart among the available Euclidean times, i.e.
SΥ(x, τstart) = η(x, τstart),
〈η†(x, τstart)η(x′, τstart)〉 = δxx′ . (2.5)
The discretized evolution equation for the propagator may now be used to define what
is meant by the lattice NRQCD Hamiltonian, as we have already suggestively used the
letter H in eq.(2.4). We are lead to the leading order term
H0 = −∆
(2)
2Mq
, (2.6)
and higher order corrections of the form
δH = −(∆
(2))2
8M3q
+
ig
8M2q
(∆± ·E−E ·∆±)
− g
8M2q
σ · (∆± ×E−E×∆±)
− g
2Mq
σ ·B + a
2∆(4)
24Mq
− a(∆
(2))2
16nM2q
. (2.7)
In the above expression the lattice covariant derivatives ∆ are defined via
a∆+i ψ(x, τ) = Ui(x, τ)ψ(x + iˆa, τ)− ψ(x, τ)
a∆−i ψ(x, τ) = ψ(x, τ)− U †i (x− iˆa, τ)ψ(x− iˆa, τ)
∆(2) =
3∑
i=1
∆+i ∆
−
i , ∆
(4) =
3∑
i=1
(∆+i ∆
−
i )
2, (2.8)
and the expressions for the chromo-electric (E) and the magnetic field (B) are taken to arise
from from clover-leaf plaquettes. The link variables entering these plaquettes are modified
according to the naive tadpole improvement procedure, i.e. they are divided by the fourth
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root of the single plaquette expectation value as listed in Tab.2. The last two terms of Eq.
(2.7) do not contribute in the continuum and are added to diminish finite lattice spacing
errors.
Starting with eq.(2.4) we have introduced a parameter n, conventionally christened the
Lepage parameter, which allows us to select an effective step size in Euclidean time during
the evolution of the heavy quark propagator on the lattice. Its values have a direct effect
on the UV behavior of the propagator G and need to be chosen so that the theory is well
defined. On the other hand, as long the value of n is not too large the effect it has on the
non-perturbative IR regime, where bound state signals are expected, is small, as we had
shown in our previous work [121].
The stability of the NRQCD expansion, i.e. the behavior of the correlator in the UV, is
closely related with the value of Mqa. In this study our goal is to study in-medium effects
and not a precision determination of vacuum properties. This on the one hand means that
we will refrain from using overlap-optimized interpolating operators and on the other hand
forego tuning of the heavy quark masses. Instead we simply use the values Mb = 4.65GeV
and Mc = 1.275GeV.
The Lepage parameter then needs to be chosen large enough so that NRQCD remains
stable and at the same time small enough to not affect the low energy regime. Here we use
n = 4 for the bottom quarks and n = 8 for charm. Even with this relatively large value for
n the dynamics of charmonium is only reliably captured on our lattices up to a = 0.0656fm,
corresponding to β = 7.280, beyond which we only consider bottomonium. The individual
values of Mba ∈ [2.759 . . . 1.559] and Mca ∈ [0.757 . . . 0.427] are listed in Tab.2.
To reduce the computational burden in solving Eq.(2.4) we furthermore resort to a well
established procedure in which covariant derivatives are replaced by simple finite differences,
while being evaluated on Coulomb gauge fixed lattices.
Having computed the heavy quark propagator we can turn to constructing the heavy
quarkonium correlation function projected onto appropriate quantum numbers
D(x, τ) =
∑
x0
〈O(x, τ)G(x, τ)O†(x0, τ0)G†(x, τ)〉med.
As we are interested in a purely static scenario, we will consider only the spatially averaged
correlator D, which corresponds to heavy quarkonium at vanishing momentum p = 0.
Note that this correlator can be considered as the NRQCD counterpart of the unequal time
correlation function of static wave-functions considered in the effective theory of pNRQCD
[89].
Different channels are distinguished through the vertex operator inserted in between
the heavy quark propagators. Their explicit form for the channels considered in this study
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reads
O(3S1; x, τ) = σi, O(
1S0; x, τ) = 1
O(1P1; x, τ) =
↔s
∆ i, O(
3P0; x, τ) =
∑
i
↔s
∆ iσi
O(3P1; x, τ) =
↔s
∆ iσj −
↔s
∆ jσi,
O(3P2; x, τ) =
↔s
∆ iσi −
↔s
∆ jσj (2.9)
Here we use χ†
↔s
∆ iψ = −
[
1
4
(
∆+i + ∆
−
i
)
χ
]†
ψ + χ†
[
1
4
(
∆+i + ∆
−
i
)
ψ
]
as defined originally in
[87].
To describe either the Υ or J/Ψ vector channel (3S1), the correlator takes on the
following explicit form
〈(χ†a(σx)abψb(x′))†χ†c(σx)cdψd(x)〉 = 2〈G++(x′;x)†G−−(x′;x) +G+−(x′;x)†G−+(x′;x)〉
〈(χ†a(σy)abψb(x′))†χ†c(σy)cdψd(x)〉 = 2〈G++(x′;x)†G−−(x′;x)−G+−(x′;x)†G−+(x′;x)〉
〈(χ†a(σz)abψb(x′))†χ†c(σz)cdψd(x)〉 = 〈G++(x′;x)†G++(x′;x) +G−−(x′;x)†G−−(x′;x)
−G+−(x′;x)†G+−(x′;x)−G−+(x′;x)†G−+(x′;x)〉,
(2.10)
In the above expression +(−) refers to the spin-up (spin-down) component and 〈· · · 〉
to the thermal average over the lattice QCD ensembles.
The P-wave χb1 or χc1 correlator (3P1) including finite angular momentum on the other
hand reads
〈
[
χ†a
(↔
∆i (σj)ab−
↔
∆j (σi)ab
)
ψb(x
′)
]†
χ†c
(↔
∆i (σj)cd−
↔
∆j (σi)cd
)
ψd(x)〉
= 〈tr
[
G†(x′;x)σi∆+j GV (x
′;x, j)σi
]
〉 − 〈tr
[
GV
†(x′;x, j)σi∆+j G(x
′;x)σi
]
〉
+〈tr
[
G†(x′;x)σj∆+i GV (x
′;x, i)σj
]
〉 − 〈tr
[
GV
†(x′;x, i)σj∆+i G(x
′;x)σj
]
〉
−〈tr
[
G†(x′;x)σi∆+j GV (x
′;x, i)σj
]
〉+ 〈tr
[
GV
†(x′;x, j)σi∆+i G(x
′;x)σj
]
〉
−〈tr
[
G†(x′;x)σj∆+j GV (x
′;x, i)σi
]
〉+ 〈tr
[
GV
†(x′;x, j)σj∆+i G(x
′;x)σi
]
〉
where χ†
↔
∆i ψ ≡ χ†∆+i ψ − ∆+i χ†ψ. By deploying point split sources along the i-th
direction we achieve a further reduction in computational cost when evolving GV (x′;x, i)
and “tr” denotes the color and spin trace.
2.3 Bayesian spectral reconstruction
While the correlation functions of NRQCD already allow us to study the overall effects of
in-medium modification as will be discussed in sec.4.1, our interest lies in understanding the
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modification in a more differential manner, i.e. for each of the original vacuum bound states
separately. The pertinent information of particle mass and lifetime may be conveniently
read-off from the position and width of peak structures in the spectral function underlying
the Euclidean correlator.
Extracting spectral functions from numerical simulation data however presents a formidable
challenge that we tackle in this study through the use of Bayesian inference [122–124] .
We work predominantly with the recent BR method [83] and an extension thereof [84]
but also compare our results to well known approaches, such as the Maximum Entropy
Method (MEM)[85]. We will learn how to reconcile apparently different results that were
obtained through these methods in the literature leading to consistent estimates for in-
medium quarkonium properties.
The starting point for the reconstruction is the integral relation between Euclidean
correlators D and their spectral function ρ(ω). Conventionally in lattice QCD we consider
the correlator D(τ) in Euclidean time, which in NRQCD fulfills
D(τ) = D(p = 0, τ) =
∑
x
D(x, τ) =
∫ ∞
−2Mq
dω e−ωτ ρ(ω). (2.11)
with a temperature independent but exponentially suppressed kernel K(τ, ω) = exp[−ωτ ].
Note that by construction of NRQCD, the origin of the frequency axis here is shifted to
a value close to 2Mq. On the lattice the value of this shift depends on the lattice spacing. In
turn the spectrum may actually reach into the negative frequency domain, which requires
us in practice to choose a priori a minimal frequency ωmin when setting up the spectral
reconstruction. The freedom to choose ωmin, as will be discussed in more detail below, also
reveals that some reconstruction methods, such as the MEM carry an intrinsic dependence
on the choice of reconstruction interval, which is usually hidden in a relativistic scenario,
where only positive frequencies are considered.
Another benefit of using NRQCD is that we do not have to deal with the periodic kernel
of the relativistic theory here. This removes the “constant contribution” issue discussed in
[91–93].
On the other hand the Euclidean correlator may equally well be represented in imagi-
nary frequencies, where it is known as the Matsubara correlator. A Fourier transform (FT)
connects the two, which also allows to translate the kernel from one scenario the the other,
still harboring the same spectral function
D(ωn) = D(p = 0, ωn) =
∫ ∞
−2Mq
dω
1− exp[−βω + iβωn]
ω − iωn ρ(ω). (2.12)
This is the non-relativistic lattice counterpart of the Källén-Lehmann kernel. Since the
NRQCD correlator in Euclidean time is not periodic D(ωn) takes on complex values. Note
that the kernel here for large real-time frequencies is much less damped than in the standard
case. One may thus be worried about the weak decay in the denominator, however for any
finite lattice spacing the expression is well defined no matter the UV scaling of the operator.
Since the correlators of eq.(2.11) or eq.(2.12) are sensitive to different parts of the
spectrum, the former more to the low frequency regime, while the latter more to the large
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frequency regime, we will combine both data sets in the analysis. While one may argue
that a FT is simply a linear transformation and thus nothing can be gained from switching
between eq.(2.11) or eq.(2.12), we find that since the inversion process is highly non-linear
the results do benefit from increased stability if both correlators are considered.
Inverting either eq.(2.11) or eq.(2.12) to obtain ρ is an ill-posed problem since our
input data is limited in two ways. Due to the space-time discretization in lattice QCD
the correlator is evaluated only at a finite number of points (Nτ = Nωn) and since the
simulation prescription relies on Monte-Carlo sampling, each correlator is known only to a
finite precision. Anticipating the intricate structure encoded in the spectral function one
discretizes the real-time frequency range with a number of binsNω  Nτ , Nωn . Determining
from the available simulation data the Nω parameters representing the spectrum, is at first
sight a severely under-determined problem.
Up to this point we have however not made use of a powerful resource at our disposal,
i.e. analytic knowledge about the spectral properties in QCD, be it the positive definiteness
of hadronic spectral functions or even their pole structure. Such prior knowledge should
be incorporated systematically in the inversion task, and Bayesian inference provides a
mathematically sound framework to do so.
Bayesian reasoning assigns a probability distribution to the following question: How
probable is it that a test function ρ is the correct spectral function, given the simulated
correlator D and the prior information I at hand. This so called posterior probability
P [ρ|D, I] enter Bayes theorem
P [ρ|D, I] = P [D|ρ, I]P [ρ|I]/P [D|I] (2.13)
on the LHS. The right hand side consists of three terms, the likelihood probability P [D|ρ, I],
the prior probability P [ρ|I] and what is colloquially termed the evidence P [D|I].
For statistically sampled data, due to the central limit theorem, the likelihood proba-
bility P [D|ρ, I] = exp[−L] may be written using the χ2 functional
L[ρ] =
1
2
∑
ij
(Di −Dρi )Cij(Dj −Dρj ), (2.14)
where Cij refers to the covariance matrix of the simulation data and D
ρ
i refers to the
Euclidean correlator
Dρi =
Nω∑
l=1
Kil ρl ∆ωl (2.15)
corresponding to the test function ρ. In case of combining Euclidean time and Matsubara
correlators we keep a block diagonal form of Cij counting only correlations among the points
of each correlator species. Maximizing the likelihood alone corresponds to a naive χ2 fit,
which would not converge due to the many flat directions present in L.
Prior knowledge may already enter this probability distribution (see eq.(2.13)) , and we
use this freedom to encourage the selection of spectra that fulfill the additional constraint
L = Nτ . The correct spectral function inserted into eq.(2.15) and sampled with Gaussian
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noise would lead on average to this value. In effect we are preventing the over-fitting of
noise.
The majority of prior information is encoded in the prior probability, which quantifies
how compatible the test function rho is to that information. A particular choice for the
functional form of the prior probability P [ρ|I] = exp[S] selects among the many degenerate
maximum likelihood solutions the one which adheres most closely to the constraints given
by prior information.
It is important to note that in this construction we always guarantee that the recon-
structed spectrum also reproduces the input data, which is not the case in other competing
approaches, such as the Backus Gilbert [125] and Padé methods [126].
We will deploy two different prior probabilities, i.e. regulator functionals, in this study.
The first is the one of the standard BR method, which has been designed specifically
with spectral reconstruction in field theories in mind. It enforces (1) the positivity of the
reconstructed spectrum, (2) guarantees that the end result remains unaffected by the units
of ρ(ω) and (3) produces a smooth function whenever simulation data has not imprinted
sharp peak structures on the spectrum. Its functional form reads
SBR[ρ] = α
∑
l
(
1− ρl
ml
+ log
[ ρl
ml
])
∆ωl. (2.16)
which differs from the Shannon-Jaynes entropy used in the Maximum Entropy Method
SSJ[ρ] = α
∑
l
(
ρl −ml − ρllog
[ ρl
ml
])
∆ωl. (2.17)
In particular, the absence of the factor ρ in front of the logarithm means SBR is not an
entropy and the prior probability is instead related to the gamma distribution.
The functional form of S is one piece of the prior information entering the Bayesian
approach. There is furthermore the functionm(ωl) = ml, the so called default model, which
by definition corresponds to the correct spectrum in the absence of data. It represents the
unique extremum of S.
We will use a constant m(ω) = const. in the following as we do not wish to assume any
additional knowledge beyond positive definiteness and smoothness. From the Euclidean
time correlator at τ = 0 we know the area under the spectrum, to which we normalize
the default model. Representative examples of the default model dependence of our spec-
tral reconstructions are provided in Appendix C. All quantitative results presented in the
following contain in their error bars estimates of such default model dependence.
There is one more ingredient in the standard BR method we need to take care of, the
hyperparameter α that weighs prior information versus data. Due to the particular form of
SBR it is possible to integrate it out a priorly using a flat overall hyperprior.
P [ρ|D, I] = P [D|I]
∫ ∞
0
dαP [ρ|m,α] (2.18)
This procedure liberates us from using the usually poor Gaussian approximation entering
the α probability estimation of the MEM (for details see ref.[83]).
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The most probable spectrum in the Bayesian sense is then obtained as point estimate
of the maximum of the posterior probability
δ
δρ
P [ρ|D, I]
∣∣∣∣
ρ=ρBR
= 0 (2.19)
It is important to note that in contrast to the MEM the search space from which ρBR
is selected is not restricted but we carry out a numerical optimization procedure in the
full Nω degrees of freedom. One may wonder, whether a unique solution can be found if
the search space is not restricted. However as was shown in [85], supplying the regulator
functional and the Nω pieces of prior information in form of the default model are sufficient
to guarantee the uniqueness of the solution of eq.(2.19) if a solution exists.
There are two sources of uncertainty entering our determination of ρBR. One is related
to the errors present in the input correlator, the other related to the choice of default
model. Bayesian methods, such as the BR method, as well as the MEM allow for a internal
measure of robustness [85], which is related to the depth of the global extremum found in
the posterior probability. Usually this entails a Gaussian approximation of the posterior
which we have found often lead to an underestimation of the true uncertainties.
Therefore in our study we explicitly check the dependence of the end result on the
statistics by carrying out a binned Jackknife procedure: we repeat the reconstruction using
an averaged correlator based on only 90% of the available configurations, each time removing
a different but consecutive block of 10%. The variance among these results is the basis for
the Jackknife errorbars attached to our results below.
The default model dependence is estimated by varying both the amplitude and func-
tional form of m(ω). We use m(ω) = m0(ω − ωmin + 1)γ , ω > ωmin with m0 ∈ [0.1, 10], as
well as γ = {0, 1, 2,−1,−2}.
2.4 Reconciling results from different Bayesian methods
In our previous study [121] we found that the spectral structures obtained with different
Bayesian methods, such as the MEM and the BR method using the same correlator data
sets were significantly different. This then translated into methods differences in the deter-
mination of e.g. the disappearance of the ground state peak, i.e. its melting temperature.
In this section we discuss how this disagreement arises and introduce a novel regulator that
interpolates between the two different methods in a genuinely Bayesian fashion. In turn we
will be able to reconcile the apparent differences.
We would like to note that the apparent differences between our previous results [121]
and other NRQCD based studies from e.g. the FASTSUM collaboration [112] cannot be
solely attributed to different Bayesian methods. In addition to using the MEM instead of
the BR, their lattice QCD setup was also significantly different from ours, in particular
featuring a more than twice as large pion mass.
In this section we focus solely on differences between the MEM and the BR methods.
We argue below that Bayesian methods with local regulators such as BR and MEM, share
a common disadvantage, i.e. ringing may contaminate the reconstruction. This artifact,
closely related to the Gibbs phenomenon in the inverse Fourier transform, is e.g. clearly
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observed in the BR method when reconstructing from a small number of correlator points,
i.e. Nτ < 16 − 20, as shown in our previous study. The MEM on the other hand is
usually considered safe from ringing artifacts, an impression, which however is unfortunately
incorrect on the level of the regulator as we illustrate here. It is instead due to the ad-
hoc restricted search space with dimension equal to the number of data points, that the
MEM contains an additional smoothing prescription, which in turn suppresses ringing for
a small number of data points. This however does not mean that the MEM produces a
more faithful reconstruction of the correct spectral function, even though its result is more
visually pleasing. For an explicit counter example to the proof underlying the search space
restriction in the MEM see e.g. [127], where it is also shown that the smoothing of the
MEM depends crucially on the choice of ωmin.
On the other hand we have shown in our previous study [121] that the BR method
results only show a very weak dependence on the choice of frequency interval. In particular
its results are robust against extending the frequency interval, contrary to the MEM.
Let us show that there exist situations in which both the BR regulator and the Shannon-
Jaynes entropy of the MEM give preference to wiggly spectra, even though they were
designed with smooth functions in mind. In particular we give an example that counters
the intuitive notion that a regulator based on the concept of entropy will always prefer
curves with the minimal amount of structure. Let us consider a constant default model
m = 1 and compare the prior probability assigned to a function ρbroad that contains a
single broad peak, as well as to a function ρwiggle which contains the same broad peak but
modified by a single added wiggle. The area under both curves is chosen to be the same.
The entropy by definition is negative, so that exp[S] remains normalizable. As is shown
in Fig.1 both local regulators SBR and SSJ show a ratio greater than unity when dividing
the result for the smoother curve by that of the wiggly curve. In turn they assign a higher
probability to the wiggly curve, which in a Bayesian analysis may lead to the occurrence of
ringing.
The mathematical criterion which distinguishes more and less wiggly spectra, even if
they cover the same area, is the arc length of the curves. Hence we introduce here a modifi-
cation to the BR regulator which explicitly penalizes the arc length ` =
∫
dω
√
1 + (dρ/dω)2.
Since we wish to remain as close as possible to the form of the original BR method we thus
add `2 and subtract unity, leaving us with
S`BR
=
∫
dω
(
−κ
(
dρ(ω)
dω
)2
+ 1− ρ(ω)
m(ω)
+ log
[ ρ(ω)
m(ω)
])
. (2.20)
Note that we have introduced an additional hyperparameter κ, which characterizes how
strongly arc length should contribute to the overall penalty produced by S`BR. It has to
be treated on the same footing as the hyperparameter α. In the presence of the derivative
term, it is not possible to a priorily marginalize the hyperparameter α and we resort to the
"historic MEM" prescription, in which one adjusts α such that (L − Ndata) < 10−1 when
deploying the regulator S`BR.
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Figure 1. Illustration of the possibility for local regulators, such as SBR and the Shannon-Jaynes
Entropy SSJ to favor a wiggly function instead of a smooth one, where both curves cover the same
area. Since the values for S are by construction negative, a ratio > 1 corresponds to a higher
probability for the wiggly function. Only the non-local BR regulator S`BR manages to assign a
higher penalty to the wiggly function here.
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Figure 2. (left) Representative examples of mock data reconstruction based on the infinite volume
free P-wave spectral function (black solid) encoded in twelve correlator points along Euclidean time
(∆D/D = 10−3). Three different Bayesian methods are shown: the standard BR method (blue
dashed), the MEM (green) and the modified BR method with κ = 1. In the phenomenologically
relevant regime up to the first kink, our new method is accurate and does not show any ringing.
(right) Reconstruction of the S-wave free spectral function from actualNτ = 12 lattice data (Nconf =
400). The black solid line denotes the infinite volume spectral functions, while the light gray
line show the spectrum actually encoded on the 483 × 12 lattice when taking the same frequency
resolution as in the Bayesian methods. Here we show the outcome of the standard BR method
(blue dashed) and the new modified method with κ = 1 which again up to ω = 2GeV shows good
accuracy and no ringing.
How does the new modified BR method relate to the original BR2 and MEM? It
2The newly added term actually violates the scale invariance axiom of the BR method, which also is
absent from the MEM. Similar to the construction of the BR method for non-positive definite spectra [128]
it can be restored by introducing an additional default model related function h(ω) which encodes our
confidence in the knowledge of the derivative of the spectrum.
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essentially represents an interpolation between the two. Setting κ = 0 we end up with the
latter, setting κ > 0 and large, we can reproduce the washed out features characteristic for
MEM reconstructions with small search spaces. What is missing now is a prescription to
select the hyperparameter κ self consistently.
To this end we follow the supervised learning paradigm often deployed in the context
of machine learning. We take a set of realistic (mock) input data, whose spectrum is known
to us, e.g. the non-interacting lattice theory, and tune the value of κ such that no ringing is
present in the end result. While the strength of smoothing is now unrelated to the number
of data points, we will carry our this tuning on lattices with the same extent as those at
T > 0 from HotQCD.
The best parameter that allows us to reproduce the nontrivial structure in the mock
spectra while removing any ringing was κ ≈ 1, which we will use in the subsequent parts
of this work. We arrive at this choice by reconstructing two different test cases, each from
a twelve data-point correlator. The first is a genuine mock data test, where the input
data is computed from the analytically determined infinite volume spectrum of P-wave
bottomonium in the non-interacting lattice theory and subsequently distorted by Gaussian
noise with strength ∆D/D = 10−3.
In order for the mock spectrum to resemble as closely as possible the free lattice NRQCD
spectrum in our numerical setup we have to take into account the particular normalization
arising from our choice of point sources. I.e. we normalize the mock correlator at τ = 0 to
have the same value as the one measured on a unit link lattice.
The resulting free spectrum is shown as black curve in the left panel of Fig.2 and
details on the free theory computation can be found in App.A. In previous studies, BR
reconstructions from this input data showed very strong ringing. And indeed the standard
BR method, i.e. for κ = 0 (blue dashed) also here shows sizable ringing at low frequencies.
The MEM produces a result that is much less contaminated by ringing, while still exhibiting
weak wiggles close to the ringing peaks of the BR method. The strength of smoothing in
the MEM crucially depends on the choice of ωmin and the used number of basis functions.
On the other hand the modified BR method with κ = 1 manages to reproduce faithfully
the region below ω = 2GeV without introducing further ringing. Changing κ from zero to
unity one manages to obtain results that are very close to those of the MEM for a particular
choice of ωmin. At higher frequencies all Bayesian methods eventually go towards the default
model m = 1.
The second test case shown in the right panel of Fig.2 is a reconstruction based on
actual non-interacting lattice data from grids of extend 483 × 12. Here we use Nconf = 400
S-wave correlators, which are computed using different random sources on a unit-link lattice.
We set the only parameter Mqa = 2.76 to take on the value obtained for bottom quarks on
the β = 6.664 lattices.
Often intuition is derived from the infinite volume free spectral functions shown as
black solid line, while the actual spectral function present on a 483 × 12 lattice, resolved
at the same frequencies as the Bayesian reconstructions is given by the light gray lines.
Comparing the outcome of the standard BR method (blue dashed) and the new modified
method with κ = 1 we find that the former again up to ω = 2GeV shows very good accuracy
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and no ringing.
These tests give us confidence that the modified BR method can be used to robustly
determine the presence of peak structures in the reconstructed spectra, liberating us from
the complicated tests on ringing that previously needed to be performed for the standard
BR method [121].
In essence the standard κ = 0 and modified κ = 1 BR methods can be understood as
two different theory detectors for heavy quarkonium, one with high noise and high gain and
one with low noise and low gain. While in the presence of a well pronounced peak signal,
the former has been shown to be very efficient in extracting the peak position and width,
as we discussed above, it may introduce ringing. On the other hand the latter method
will not show ringing but as a consequence is not able to resolve pronounced peaks equally
sharply. In the following we will thus combine the two approaches, first determining with
κ = 1 whether a genuine peak structure is present and if so will use κ = 0 to extract the
peak position. The efficiency of this strategy is tested in the subsequent section, first at
T ≈ 0 before being applied to T > 0 lattice data in sec.4.
3 Lattice NRQCD results at T = 0
The study of correlation functions and spectral functions at zero temperatures in this section
provides the necessary baseline upon which we build our study of quarkonium in-medium
modification.
3.1 Ground state properties
Let us start with an inspection of the ground state properties, which can be straight for-
wardly extracted from the simulated correlation functions without the need for a spectral
reconstruction. To this end, at each of the eleven (eight) values of β for which we con-
sider bottomonium (charmonium), 400 realizations of the corresponding 1S0, 3S1, 1P1 and
3P0,1,2 channel correlators are computed. Since the behavior of the two S-wave and the four
P-wave correlators is very similar, we will show in the following raw data only for the 3S1
and 3P1 cases.
In Fig.3 the raw correlators of bottomonium at different lattice spacing are plotted
on the left, their charmonium counterparts on the right. In order to better distinguish the
different data sets they are shifted by hand in the logarithmic plot. Note that the correlators
are not symmetric around τ = 1/2T and thus, contrary to the relativistic formulation, the
information along the full length of the Euclidean domain is accessible to us.
The S-wave correlators all show a clear single exponential fall-off at late Euclidean
times, indicating the presence of a well defined and well separated ground state spectral
feature. The P-wave correlators, due to the large mass of their ground states, exhibit a
stronger falloff and hence a lower signal to noise ratio at late Euclidean times. A naive in-
spection by eye still espies a pronounced single exponential decay while the wiggly behaviors
at large τ may indicate loss of signal.
Another aspect of the NRQCD discretization is the existence of an additional lattice
spacing dependent (additive) shift of the overall energy scale. It arises from the fact that in
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Figure 3. Zero temperature correlators with bottomonium results on the left and charmonium on
the right. (top) The correlation functions of the 3S1 channel shifted for better visibility. The well
pronounced exponential falloff at late times indicated the presence of a well defined ground state
signal. (bottom) The correlation functions of the 3P1 channel shifted for better visibility. The well
pronounced exponential falloff at late times indicated the presence of a well defined ground state
signal.
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the left and charmonium on the right. We also show the average fit interval (black solid) and its
variation (orange)
NRQCD the hard scale of the heavy quark mass has been integrated out by dropping the
term 2Mq from the Lagrangian. This bare shift becomes renormalized due to the quantum
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Figure 5. Selected zero temperature effective masses of the P-wave channel with bottomonium
results on the left and charmonium on the right. We also show the average fit interval (black solid)
and its variation (orange)
fluctuations resolved in the simulation and is already visible in the slope of the correlators.
Their exponential falloff steepens with increasing beta, even though they all describe the
same physical state.
The ground state masses may be extracted from the correlators by use of the effective
mass
ameff(τ) = log
[G(τ + a)
G(τ)
]
(3.1)
which for a genuine single exponential decay in G(τ) simply reads out its exponent. In the
presence of excited state contributions one needs to identify a constant plateau region in
(3.1) through which the ground state mass is extracted. As expected from the behavior of
the raw correlators and as explicitly shown in Fig.4 this is easily achieved in the S-wave
channel but already is a challenge in the P-wave case (Fig.5) due to the lower signal to noise
ratio there. Because of the large statistical errors in the latter, a meaningful comparison in
a single plot is not possible, which is why we only provide here a representative selection of
results for the P-wave.
In addition the spectral weight of the ground state in the two channels is different.
In the S-wave it is given by |R3S1(0)|2, while for the P-wave it is |R′3P1(0)|2/M2q and thus
suppressed by the mass. The third complication in the P-wave channel is related to the
scaling of the spectral function in NRQCD. For the S-wave channel, it proceeds as ω1/2 and
for the P-wave channel, as ω3/2. In turn the continuum part overshadows the ground state
signal more strongly in the latter channel.
It is known that the use of extended sources in eq.(2.5) may provide improved overlap in
particular for the more extended P-wave states. On the other hand such non-local sources
also alter spectral properties, such as thermal widths. Using a Gaussian source extent of
σ = 2.5a we did not yet find significant improvements. Since with a larger extent we expect
to start interfering with the in-medium structure of the spectra, we refrained from further
pursuing extended source correlators.
– 24 –
We identify the plateau region from an inspection by eye and repeat the fit to its value
several times, changing the starting τ point, and in the case of the P-wave channel also
the end-point of the fitting interval by different combinations of up to four steps in a. The
fitting intervals are indicated in Fig.4 and Fig.5 by the black solid lines, the variation in
the fit range via the orange bands.
At this point we can proceed to the main test of the robustness and accuracy of the
NRQCD approximation by considering the mass splitting between the different states. The
additive energy shift simply drops out from those quantities. We have selected five differ-
ent mass splittings with different expected levels of difficulty for a successful reproduction
in NRQCD. The values we obtain from the effective mass fits are plotted in Fig.6 with
bottomonium in the left column and charmonium in the right column.
In all figures, in which particle properties are estimated, we quote two sources of uncer-
tainty, statistical and systematic. The former will be indicated by a bold error box, while
the latter via a thin error bar. We plot both errors separately, so that the dominant source
of uncertainty can be visually distinguished. In Fig.6 the statistical errors are obtained
from a ten-bin Jackknife and the systematic errors arise from the variation due to changing
of the fit interval.
Let us have a look at the individual mass splittings in Fig.6, where our NRQCD results
are given in shades of blue and the PDF value of the splitting is indicated by a gray dashed
line [9].
We start out with the spin averaged splitting, where we compare the spin degeneracy
weighted average of the 1S0 and 3S1 ground state mass to that of the three 3P0,1,2 P-wave
states. Deriving intuition from an analogy with a potential based computation, this splitting
is expected to depend only on the central potential, i.e. be most easily reproduced within
NRQCD. And indeed we find that our simulation reproduces this splitting excellently. Here
we note that in the standard potential picture spin-spin interactions are proportional to a
Dirac delta function and therefore, they do no affect the P-waves (RP (0) = 0). This
means that the center of mass of 3PJ quarkonium states should agree with the mass of 1P1
quarkonium (hc or hb). We find that indeed within the errors the center of mass of 3PJ
quarkonium states agrees with 1P1 mass.
Next we consider the mass splittings between different P states. These are shown in the
second, third and fourth rows (from the top) of Fig.6. These splittings come from the spin
orbit interactions. Taking again intuition from a potential based picture, these splittings
are expected to be significantly smaller than the spin averaged one, as these are suppressed
with one additional power of the mass. The 3P1 −3 P0 splitting is well reproduced by our
NRQCD calculations both for bottomonium and charmonium. The 3P2 −1 P1 splitting is
described in a satisfactory manner for bottomonium but not for charmonium. Finally, we
have a satisfactory description for 1P1−3 P1 splitting, except for bottomonium at the three
smallest lattice spacings.
In high precision studies of quarkonium in vacuum it has been found that the most
challenging splitting is the S-wave hyperfine splitting, which in our naive setup is missed
by at most 35MeV in bottomonium and 25MeV in charmonium in our calculations (bottom
row). It is known that for bottomonium, NRQCD to order O(v4) is prone to underestimat-
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Figure 6. Quantitative test of our NRQCD simulation setting with bottomonium results on the
left and charmonium on the right.(top) The mass splitting between the three spin weighted 3P0,1,2
states and the spin weighted 1S0 and 3S1 ground states. (second from top) The inter-triplet spacing
between the scalar and vector states 3P0 and 3P1. (center) The spacing between the 1P1 and the
tensor states 3P2. (second from bottom) The hyperfine structure between the P-wave 1P1 and 3P1
ground states. (bottom)The S-wave hyperfine splitting between the ground states of the 3S1 and
1S0 channel.
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1S0 ground state for bottomonium
(circles) and charmonium (triangles), as obtained from raw lattice NRQCD correlators. Together
with the PDG masses it enters the shift function C(β) = M exp1S0 − Esim1S0 .
ing this splitting, while O(v6) has been found to overestimate it. As mentioned above, the
spin-spin interactions responsible for the hyperfine splittings are ultra-local and thus are
not easy to be captured on the lattice, unless the lattice spacing is very small. The effects
of the UV sector, i.e. energy scales much higher than the soft scale Mqv are encoded in
NRQCD via Wilson coefficients of the NRQCD Lagrangian. In our setup only the trivial
tree level values ci = 1 are deployed (see eq.(2.7)) and thus we do not expect to capture the
physics, relevant for the S-wave hyperfine splitting, adequately. And indeed including cor-
rections of the order O(αSv4) may have the same order of magnitude as O(v6) corrections
but appear to contribute with opposite sign, so that only the combination of one loop order
radiative corrections in concert with an otherwise O(v6) NRQCD Lagrangian are capable
of reproducing the S-wave hyperfine splitting.
The level of agreement between the computed mass splittings in our particular NRQCD
setup and experimental measurements shown here is satisfactory. From the hyperfine split-
ting results we deduce that an overall systematic uncertainty of around 35MeV is present,
related to our choice of the NRQCD Lagrangian. By using advanced zero temperature
techniques for lattice NRQCD such as incorporation of radiative corrections, operator en-
gineering, mass tuning and smearing, the accuracy of the vacuum masses certainly can be
further enhanced. Many of these techniques however are not applicable at T > 0. Since
our focus lies on uncovering the in-medium modification of states in the precision range of
. 10%, we are confident that the present NRQCD setup provides adequate quantitative
insight into the in-medium properties of the 3S1 and 3P1 states.
3.2 NRQCD energy calibration
Before we can investigate the quarkonium spectrum in terms of absolute values of particle
masses, we need to take care of the NRQCD energy shift, absent in relativistic quark
formulations. Its value needs to be determined from a comparison with experimental input.
The physical mass of a quarkonium state may be written as
M expsXJ = E
sim
sXJ
+ 2(ZMqMq − E0), (3.2)
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where EsimsXJ denotes the energy of a particular quarkonium state computed in the raw
NRQCD simulation. ZMq encodes the multiplicative renormalization of the heavy quark
mass and E0 denotes an additional energy shift [119]. The physical quarkonium massM
exp
Υ
is obtained by adding the lattice spacing dependent energy shift parameter
Cshift(β) = 2(ZMqMq − E0), (3.3)
to the NRQCD energy value.
The calibration has to be carried out for each lattice spacing and for each of the two
bare heavy quark mass parameters. We may however choose any channel for the comparison
to experiment and select in the following the 3S1 ground states Υ and J/Ψ for this task.
Not only is their mass known very precisely in experiment but also numerically a good
signal to noise ratio is present in their correlators.
In Fig.7 we show the raw energies of the 3S1 ground state for bottomonium (circles) and
charmonium (triangles), which translates into the NRQCD energy shift when subtracted
from the PDG mass. For bottom quarks the mass shift remains linear over the whole range
of lattice spacings considered, while for charmonium it exhibits a deviation from linearity
at around β = 7, flattening off above. The fact that the latter starts off with a higher value
and that its β dependence is not linear is already an indication for the stronger influence of
radiative correction for the lighter charm quark in NRQCD. In order to provide calibration
also to the additional β values considered at finite temperature, we fit the bottomonium
result with a simple linear ansatz, while for the charmonium results a spline interpolation
of second order is used.
With the energy scale set, we can proceed to quote our results for the quarkonium
ground state masses in vacuum. Since the NRQCD calibration is carried out via the 3S1
states, that channel agrees by construction with the PDG value, while all other masses are
a genuine ab-initio results of the simulation. The lattice spacing averaged values of the
masses, as well as the PDG reference are listed in Tab.3.
We continue to the first genuine Bayesian reconstructions of this study, carried out on
the zero temperature correlators discussed above.
3.3 Spectral functions
Bayesian spectral reconstructions allow the comprehensive study of spectral structures en-
coded in hadronic correlators. Their flexibility of resolving not just masses, i.e. the po-
sitions, but also the functional form of spectral features however comes at the price of
requiring high quality simulation data to keep artifacts, such as default model dependence
and numerical ringing under control. As discussed in sec.2.3 we will deploy three different
Bayesian approaches in this study, the standard BR method, its smoothed cousin BR` (i.e.
with S`BR given by Eq.(2.20)), as well as the Maximum Entropy Method.
We perform the standard Bayesian reconstruction along Nω = 3000 bins, spanning
an interval of ωnum ∈ [−5, 20] in dimensionless real-time frequencies3. From among the
3In our numerical setup we re-scale the Euclidean time extent such that for each lattice spacing the
maximal time extent is τnummax = βnum = 20. The intention behind operating with a fixed relation between
τ and β is to remove scale conversion as additional source of systematic uncertainty.
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Particle Channel m [GeV] PDG [GeV]
ηb
1S0(1) 9.428(1) 9.399(2)
Υ 3S1(1) 9.4603∗ 9.4603(3)
hb
1P1(1) 9.935(7) 9.8993(1)
χb0
3P0(1) 9.899(4) 9.8594(6)
χb1
3P1(1) 9.927(7) 9.8928(4)
χb2
3P2(1) 9.941(6) 9.9122(4)
ηc
1S0(1) 2.979(2) 2.9839(5)
J/Ψ 3S1(1) 3.09692∗ 3.096900(6)
hc
1P1(1) 3.563(6) 3.5254(1)
χc0
3P0(1) 3.453(3) 3.4147(3)
χc1
3P1(1) 3.538(6) 3.51067(5)
χc2
3P2(1) 3.529(5) 3.55617(7)
Table 3. Mass estimates for the ground states of bottomonium and charmonium at zero tempera-
ture from the effective mass fits, compared to the experimental PDG values.
Nω = 3000 points we use N
hp
ω = 600 to define a high precision window around the ground
state peak, in order to extract its position as precisely as possible.
In this study we combine the correlator in the Euclidean time and imaginary frequency
representation, as the spectral relations (2.11) and (2.12) indicate that the former will pro-
vide better control over the small frequency regime, while the latter may fix more efficiently
the high frequency regime. And indeed we find that the combined reconstruction shows
less variability at high frequencies compared to the case where only Euclidean data is taken
into account.
The reconstructions are carried out with a constant default model normalized via the
value of the Euclidean correlator D(0) at zero imaginary time. In order to estimate the
systematic uncertainty we repeat the reconstruction both varying the functional form and
amplitude of m(ω). The additional constraint to avoid over-fitting of the data is enforced
down to |L − Nτ | < 10−4. Statistical errors are estimated with a ten-bin blocked Jack-
knife procedure. For completeness let us note that our reconstruction code deploys 384
bits of precision arithmetic throughout the computation to avoid precision loss when an
exponentially damped kernel is involved.
The spectral functions of bottomonium (left column) and charmonium (right column)
at zero temperature in the S-wave (top row) and P-wave (bottom row) channel reconstructed
with the standard BR method are presented in Fig.8. We have calibrated the energy axis
with the lattice spacing dependent shift function C(β) determined from the effective mass
fits in the previous section.
As was to be expected from the behavior of the correlators, both S-wave channels show
very sharp ground state features. Their amplitude is much larger than the maximum range
of the y-axis chosen here, for better visibility of the higher lying structures. In addition we
are able to identify clear signs of a first excited state peak for bottomonium at all lattice
spacings, while for charmonium the strength of the second peak was not as well pronounced
– 29 –
 0
 5
 10
 15
 20
 25
 30
 9  10  11  12  13  14  15  16
3S1 bottomonium
n=4 BR T=0
ρ(ω
) [
G
eV
2 ]
ω [GeV]
β=6.664β=6.740β=6.800β=6.880β=6.950β=7.030β=7.150β=7.280β=7.373β=7.596β=7.825
 0
 1
 2
 3
 4
 5
 6
 3  3.5  4  4.5  5  5.5  6
3S1 charmonium
n=8 BR T=0
ρ(ω
) [
G
eV
2 ]
ω [GeV]
β=6.664β=6.740β=6.800
β=6.880β=6.950β=7.030
β=7.150β=7.280
 0
 50
 100
 150
 200
 250
 300
 350
 400
 10  11  12  13  14  15  16
3P1 bottomonium
n=4 BR T=0
ρ(ω
) [
G
eV
4 ]
ω [GeV]
β=6.664β=6.740β=6.800β=6.880
β=6.950β=7.030β=7.150β=7.280
β=7.373β=7.596β=7.825
 0
 5
 10
 15
 20
 25
 30
 3.5  4  4.5  5  5.5  6
3P1 charmonium
n=8 BR T=0
ρ(ω
) [
G
eV
4 ]
ω [GeV]
β=6.664β=6.740β=6.800
β=6.880β=6.950β=7.030
β=7.150β=7.280
Figure 8. Zero temperature reconstruction of bottomonium (left) and charmonium (right) spectral
functions for different lattice spacings. The 3S1 S-wave channel (top) shows a very sharp ground
state peak and at least for bottomonium also clear signs of the first excited state, which in char-
monium is less pronounced. The P-wave spectra in the 3P1 channel due to a lower signal to noise
ratio show weaker but still clearly defined signs of a ground state. The excited state structure re-
mains unresolved. Errorbands shown here only denote the statistical uncertainty from the ten-bin
Jackknife.
compared to the continuum structures. Compared to our previous study the variability of
the reconstructed spectra in the continuum region is markedly reduced both due to the
twice higher available statistics and the combination of Euclidean and imaginary frequency
data.
The P-wave states, as discussed before, have an intrinsically smaller amplitude of their
ground state peak compared to the continuum contribution and we are unable to unam-
biguously identify a first excited state peak structure. The lower signal to noise ratio of
the underlying correlators also leads to a larger (artificial) width of the ground state peak,
compared to the S-wave channel.
We proceed to obtain the ground and excited state masses from the Bayesian spectral
reconstruction. To this end we fit the lowest, and if distinguishable the next higher lying
peak structure with a Breit-Wigner in order to extract the position of these features. Besides
carrying out a ten-bin Jackknife to estimate the statistical uncertainty, we also repeat the
determination of the mass for all different default models considered, which provides an
estimate of the systematic errors involved. The values of the lattice spacing averaged masses
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Figure 9. Compilation of the ground state masses obtained from the BR method at zero temper-
atures, the bottomonium results being plotted on the left, the charmonium results on the right.
Error boxes denote the statistical uncertainty, while error bars correspond to the default model
dependence of the masses.
from the BR method are compiled in Tab.4 and the individual results for the ground states
are plotted in the two panels of Fig.9, bottomonium on the left, charmonium on the right.
We provide these values for completeness, reminding the reader that due to our focus on in-
medium spectral properties we neither use correlators with improved ground state overlap
nor specifically tuned quark masses. The reproduction of vacuum ground state properties
here is satisfactory but not competitive with dedicated T = 0 studies.
The first sanity check is the obtained value for the mass of the 3S1-wave ground state.
Since we have carried out the calibration using the effective mass fits, the value here does not
necessarily agree with the PDG value. Reassuringly we find that the S-wave ground state
mass from the BR method takes on very similar values as with the effective mass fit, the
two methods agree within errors. In general the S-wave masses are very similar between the
two methods. On the other hand we find that for the 1P1 and 3P1 states, on which we will
focus in the T > 0 study, the BR method provides systematically better values, i.e. closer
to the PDG benchmark. In case of charmonium this improvement is significant, bringing
the absolute value of the ground state mass into agreement with the PDG. One reason for
the difference may be the higher flexibility of the BR method in distinguishing ground state
and excited state contributions, which may have been intertwined by the selection of the
fitting range of the effective masses by eye. The 3P0 channel is reasonable well reproduced
in both bottomonium and charmonium, while, as was expected from the inspection of the
splittings, the 3P2 channel of charmonium shows sizable deviations from the PDG value.
When perusing Tab.4, the reader may wonder why our estimates for excited states
show rather sizable deviations from the PDG values. The reason is our use of unimproved
correlators in anticipation of the study of in-medium effects and the absence of a heavy
quark mass tuning, not a deficiency of NRQCD itself. The information loss affecting the
correlators, i.e. from taking the convolution over the spectral function, makes the recon-
struction of the excited state region extremely challenging. As there are several structures
present in the UV regime, the spectral reconstruction tends to summarize all of the unre-
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Particle Channel m [GeV] PDG [GeV]
ηb
1S0(1) 9.428(1) 9.399(2)
η′b
1S0(2) 10.14(2) 9.999(4)
Υ 3S1(1) 9.46047(4)∗ 9.4603(3)
Υ′ 3S1(2) 10.14(2) 10.0233(3)
hb
1P1(1) 9.921(2) 9.8993(1)
h′b
1P1(2) 10.52(5) 10.260(2)
χb0
3P0(1) 9.893(2) 9.8594(6)
χ′b0
3P0(2) 10.51(3) 10.2325(8)
χb1
3P1(1) 9.915(2) 9.8928(4)
χ′b1
3P1(2) 10.48(7) 10.2555(5)
χb2
3P2(1) 9.924(2) 9.9122(4)
χ′b2
3P2(2) 10.57(4) 10.2687(6)
ηc
1S0(1) 2.979(2) 2.9839(5)
η′c 1S0(2) 3.70(2) 3.638(1)
J/Ψ 3S1(1) 3.0967(2)∗ 3.096900(6)
Ψ′ 3S1(2) 3.77(3) 3.68610(3)
hc
1P1(1) 3.520(6) 3.5254(1)
χc0
3P0(1) 3.432(3) 3.4147(3)
χc1
3P1(1) 3.509(4) 3.51067(5)
χc2
3P2(1) 3.499(5) 3.55617(7)
Table 4. Mass estimates for the ground and first excited states of bottomonium and charmonium
at zero temperature from the BR method, compared to the experimental PDG values. While the
S-wave ground state values agree with the results from the effective mass fit, the P-wave results from
the BR method lie slightly closer to the correct values. A possible reason is the higher flexibility of
the BR method to disentangle ground and excited states contributions.
solved structure into a single spectral feature, which then lies at a frequency higher than
the lowest contributing actual spectral peak. This artificial phenomenon is well known from
mock data tests, see e.g. Fig.25 in Sec.5.2. It in turn leads to a systematic over-prediction
of the excited state mass in Tab.4, which, when unimproved correlators are used, may only
be countered by an exponential reduction of the statistical error on the input data.
As we have seen, at zero temperatures, where the individual spectral structures are
known to be sharp delta-like peaks, the standard BR method is able to provide highly
accurate reconstructions of the ground state features. Their positions are in quantitative
agreement with those obtained from effective mass or multi-exponential fits.
In the following we inspect how different Bayesian methods are able to reproduce the
ground state features, taking the standard BR method as benchmark. For the smooth BR
method with κ = 1 we use a slightly different setup of Nω = 2000 numerical frequency bins
along ωnum ∈ [−1.5, 10] and we have checked that changing to such a frequency interval does
not significantly change the outcome of the reconstruction. In addition, since the smooth
BR method will not produce equally sharply resolved peak structures as the standard BR
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method, we refrain from defining a high precision interval around the lowest lying peak.
The results of the standard Maximum Entropy Method in Bryan’s formulation on the
other hand have a clear dependence on the choice of the frequency interval. The reason
is that since the search space is chosen by a singular value decomposition of the integral
Kernel, the oscillatory part of its basis functions is located close to ωmin. As was shown in a
dedicated analysis of Bryan’s implementation in [127], as well as confirmed in our previous
study [121], the resolution of the MEM decreases as ωmin takes on larger negative values,
which in the NRQCD setup are admissible. Thus via the choice of ωmin we can determine
how washed out the MEM end result eventually is. Here we choose ωnum ∈ [−0.15, 20]
in order to have as high as possible resolution for the ground state, while still being able
to accommodate the extrusion of the reconstructed spectrum into the negative frequency
regime.
In Fig.10 we have compiled individual reconstructions of the S-wave ground state with
all three different methods for bottomonium and charmonium respectively. We can clearly
see that the standard BR method provides the highest resolution of the ground state,
followed by the MEM (based on this one particular choice of ωmin). What is important to
see is that also the smooth BR method manages to locate the ground state peak reliably
at all lattice spacings considered. While we already made sure that the BR` manages to
avoid numerical ringing via the reconstructions of free spectral functions, we now see that
it nevertheless picks up on genuine peak signals if present in the data. Of course the width
of the reconstructed peaks in BR` is much larger than both in the standard BR method and
in the MEM. In the case of charmonium in Fig.10 the BR` results also show a significant
peak asymmetry, the peak apex however remains close to the position of the peak resolved
by the standard BR method.
This outcome further supports the following strategy for the study of in-medium effects,
where peak structures and continuum are much less clearly separated: we will use the BR`
method first to ascertain whether a genuine peak is present in the data and then use the
standard BR method to extract quantitatively its properties.
3.4 Interpreting the T = 0 spectra
The Bayesian spectral reconstruction carried out in the previous section revealed robust
signs for the ground state and partial signals for possible first excited state contributions
encoded in the correlator. However the first excited state did not agree well with the experi-
mental values, being situated at a higher mass. This behavior of the spectral reconstruction
(as well as in the exponential fit) is related to the presence of a region densely populated
with excited states around the open heavy flavor threshold. If the input simulation data
quality is not sufficient to resolve individual peaks the spectral reconstruction tends to
summarize all structures in one large feature, which then will lie above the lowest of those
structures.
Here we wish to find out how well the correlator lends itself to an interpretation that
is based on our physical knowledge of the vacuum spectrum. To this end we construct a
model spectrum, which incorporates both a well defined ground and excited state as delta-
like peaks. In addition we connect to the first excited state peak two boxes of variable width
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Figure 10. Comparison of the spectral reconstruction of the bottomonium (top two rows) and
charmonium (bottom two rows) 3S1 S-wave ground state peak among different reconstruction al-
gorithms: BR method (colored solid), Maximum Entropy Method (gray dashed) and the smooth
BR` method (gray solid). Note that with the settings κ = 1 the BR` method produces the peaks
with lowest amplitude and largest (artificial) width, followed by the MEM and the BR method, as
expected produces the sharpest features. Note that the peak apex from the BR` method remains
very close to the position located by the standard BR method.
and height. The first of which is added in order to provide an effective description of the
higher excited state regime below the threshold, while the latter may provide a description
of the continuum. We know the position of the ground state from the effective mass fit and
fix it. For the distance to the first excited state we allow a window of around 25MeV for the
S-wave and 50MeV for the P-wave around the known PDG value, while leaving the width
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Figure 11. Constrained model fits (gray) compared to the spectral reconstruction based on the
standard BR method at T = 0.The top two panels show S-wave bottomonium on the coarsest
β = 6.664 (right) and finest β = 7.825 (left) lattices. The lower two panels on the other hand
contain the results for P-wave bottomonium again for both the coarsest β = 6.664 (right) and finest
β = 7.825 (left) lattices.
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Figure 12. Representative examples of the raw S-wave bottomonium correlator (light blue crosses),
as well as after subtraction of the ground state contribution (open circle) and after further subtract-
ing the first excited state contribution. Note that both at β = 6.664 with Nτ = 32 (left) and even
at β = 7.825 with Nτ = 64 (right) only a very small number of convex points remain to encode the
UV regime including the continuum structures.
and height parameters for the two boxes fully free.
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At first we attempted to fix the upper edge of the second box from a simple one-box fit
to the small Euclidean time region of the correlators but found that in contrast to relativistic
correlators the small and late τ regime in NRQCD are not separated well enough for an
individual determination of the UV properties without taking into account the IR structure
present.
The best fit results for bottomonium S-wave (top two panels) and the P-wave (bottom
two panels) on the coarsest β = 6.664 (right) and finest β = 7.825 (left) lattices are shown in
Fig.11. The best fit model spectrum in gray is contrasted to the corresponding standard BR
spectral reconstruction as colored solid curve. The shown best fit model spectra allow us to
reproduce the correlators with a χ2/d.o.f. ≈ 1, i.e. they provide an admissible explanation
of the physics content of the correlator. (The corresponding charmonium results are given
in App.C). As a further guide we also plot the free NRQCD spectral function in continuum
(gray dashed) and the corresponding non-interacting lattice NRQCD spectral function.
They have been shifted by an offset arbitrarily set to the mass of the ground state peak.
In addition to being amenable to a spectrum with ground and excited state close to
their physical value, we see that the constrained fit produces a continuum structure, which
is compatible with what is found directly from the BR method. The finer the lattice, the
further the NRQCD spectrum extends into the UV, even beyond the point of pi/a, as is
known from the free theory. In the P-wave case, in particular at small lattice spacings the
strong rise in the continuum is both manifest in the spectral reconstruction, as well as in
the constrained model fit.
On the one hand it is reassuring to see that the constrained model fit provides an
intuitive interpretation of the BR spectral functions. It distinguishes four physically relevant
structures, ground and first excited state, the densely populated excited state region around
threshold and the continuum. All of these are found in a similar fashion also in the Bayesian
spectral reconstruction.
On the other hand the result also tells us that the amount of physical information
contained in the correlators does not come close to a detailed description of the region
close to the threshold. Our simple two-box model was already capable of reproducing the
correlator within its uncertainties, leaving no hope to distinguish between the physically
present higher lying states and the continuum. Indeed let us consider what remains of
the T = 0 correlators after subtracting the first and second excited states contribution
as shown in Fig.12. It is evident that both at β = 6.664 with Nτ = 32 (left) and even
at β = 7.825 with Nτ = 64 (right) only five to eight usable points (i.e. points which
exhibit a convex behavior) remain to encode the wealth of structure present above the first
excited state. Attempting a detailed extraction of spectral features in that region therefore
is highly challenging. One possible option here would be to change to an anisotropic lattice
setting, which should provide a significantly larger number of Euclidean time correlator
points dominated by the UV regime.
One conclusion of these checks is that we are unable to extract the in-medium binding
energy of the quarkonium states, as it is formally defined by the difference between the
particle mass and the onset of the continuum. In turn also melting temperatures cannot be
defined with a similar rigor, as is possible in potential based computations, where dissocia-
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Figure 13. Influence on the smooth BR reconstruction from a truncation of the low-temperature
simulation data to the same τmax/aτ = 12 Euclidean time extent available at finite temperature.
The spectra shown here correspond to the 3S1 (top) and 3P1 channel of bottomonium with the full
reconstruction given by colored solid lines, while the result after truncation is given by the gray
solid curves.
tion is defined at the temperature, where the in-medium thermal width equals the binding
energy. Instead in the following will resort to simply identifying at which temperature no
signal of a remnant bound state can be identified in the reconstruction.
3.5 Preparations for T > 0 studies
Before we can turn to the investigation of in-medium spectral properties with Bayesian
methods, we need to scrutinize a significant source of systematic uncertainty. In order to
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Figure 14. Representative example of the influence of truncating the low-temperature simulation
data to the same τmax/aτ = 12 Euclidean time extent available at finite temperature. The spectra
shown here correspond to the 3S1 channel of bottomonium with the full reconstruction given by
colored solid lines, while the result after truncation is given by the gray solid curves. Clear system-
atics are visible: a reduction in the input data quality leads to a shift of the reconstructed ground
state peak to higher frequencies, as well as to a significant broadening.
reach higher temperatures in standard Euclidean simulations one reduces the extent of the
Euclidean temporal axis on the lattice. Here two effects combine: on the one hand the
diminished Euclidean extent makes the identification even of a well defined ground state
more complicated, as the regime where it dominates the falloff of the correlator is not
accessible anymore and its signal becomes mixed up with that of higher lying structures.
On the other hand if one stays at a fixed lattice spacing the number of data points available
for the reconstruction reduces leading to a diminished resolution of the Bayesian method
often accompanied with a higher default model dependence.
Our intent of using the smooth BR method is to judge, whether a genuine bound state
signal is present in the correlator data at finite temperature, before extracting its properties
with the standard BR method. Fig.10 already told us that the smooth BR method is capable
at T = 0 to identify bound state peaks, now we have to make sure that it is able to do so
also in the T > 0 environment.
We follow thus the following strategy. As the integral kernel in eq.(2.11) is temperature
independent we may simply truncate the Euclidean time correlator data set to a Euclidean
time smaller than the original Nτ . This truncated correlator corresponds to a correla-
tor of a simulation at higher temperature, if the same zero temperature spectral function
were present at those higher temperatures. In a relativistic quark formulation where the
Euclidean kernel does carry a temperature dependence, one would have to compute the
reconstructed correlator instead, see e.g. [96, 107].
Fig.13 shows what happens when the smooth BR method is fed with the truncated
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Figure 15. Representative examples of the extracted values for the ground and first excited states
masses from the BR method based on truncated input. The systematic shift of the obtained value
is manifest in every channel, a stark reminder that such an effect needs to be taken into account
when interpreting the the results of a genuine finite temperature spectral reconstruction.
T = 0 data in case of bottomonium S-wave (top two rows) and P-wave (bottom two rows).
For the S-wave the results are consistent and congruent with expectations: less data means
that the excited states peak structure becomes washed out and merges into the continuum
part at high frequencies and at the same time the resolution for the ground state also
diminishes. For the P-wave the situation is slightly different, up to β = 7.030 again the
loss of data points simply weakens the ground state feature reproduction but at the finest
lattices it also starts to bring about ringing. This is not contradictory to how we constructed
the method, which only had to make sure that there is no ringing if no actual peaks are
present. On the other hand we see here that if peaks are present in the correlator and
we only have very few data points available the smooth BR method will announce their
presence by exhibiting ringing.
Once we have established the presence or absence of bound state peaks, we aim at
using the standard BR method to extract their properties. Hence we have to also quantify
the degradation in the accuracy of such reconstruction result, when facing small Euclidean
data sets at T > 0.
In Fig.39 we present the outcome of the truncation test using S-wave bottomonium as an
example. Note that here we use a logarithmic plot, where the changes in the reconstructed
ground state peak are more clearly visible. On the coarsest lattices β = 6.664 where
NRQCD works best, the truncation from τmax/aτ = 32 to τmax/aτ = 12 only induces a
change in the peak position by around 9MeV. The finer the lattice the more pronounced
the effect of truncation becomes, leading to a shift of around 170MeV at β = 7.825. This
is because the first twelve data points cover a smaller and smaller Euclidean time extent
as the lattice spacing is reduced. At the same time also the width of the peak starts to
broaden artificially by a significant amount. (The qualitatively very similar results for the
other quarkonium channels can be found in App.C).
The effect of this reduction of both Euclidean time extent and number of data points is
summarized in Fig.15. Compared to the reconstruction based on the full data set in Fig.9
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we find that each channel shows a characteristic upward trend related to the lattice spacing.
This shift characterizes the degradation of the reconstruction method while the underlying
spectrum remains the same.
It is this systematic shift, which we will have to take into account carefully, when
investigating the spectral properties at finite temperature in the next section, where now
in addition also the spectrum itself changes. I.e. the baseline to which we shall compare
in-medium masses to is not the results from the τmax/aτ > 32 reconstruction but that using
the same τmax/aτ = 12 extent.
4 Physics results at T > 0
In this section we present and critically discuss the main results of this study, the in-medium
properties of both bottomonium and charmonium from lattice NRQCD. We start out first
with an investigation of the overall finite temperature effects based on the raw simulated
correlators themselves, before carrying out spectral reconstructions to shed light on the
modification of the ground state particles.
Compared to our previous study the results here have been improved in three main
aspects. On the one hand we have extended the bottomonium computations to higher
temperatures and increased the statistics of the simulations by up to a factor four. In
addition through the simulation of charm quark degrees of freedom we now possess a second
set of states with different binding properties, which help us to uncover the systematics of
in-medium modification.
4.1 Sequential in-medium modification
The starting point are the T > 0 NRQCD correlators of the quarkonium 3S1 and 3P1
channels, which we focus on in the subsequent qualitative and quantitative analysis. The
main difference to T = 0 is the significantly reduced Euclidean time extent, leaving even at
temperatures below Tc only a small range, where one might identify the presence of a single
exponential falloff by eye. In total we consider seventeen temperatures T = [140−407]MeV
for bottomonium and, as laid out in sec.2.2 and fourteen temperatures for charmonium
T = [140− 251]MeV.
To obtain a first glimpse of the strength of the overall in-medium modification we turn
next to the ratio of the finite temperature correlator to its T = 0 counterpart. This ratio is
physically meaningful, since in NRQCD the integral Kernel of the spectral representation
is temperature independent. In a relativistic formulation we would have to compute the
ratio with the corresponding reconstructed correlator instead.
Note that the Euclidean correlation functions computed in NRQCD represent a con-
volution of all spectral structures according to eq.(2.11). Due to the exponential damping
of the involved integral Kernel even significant changes in the underlying spectral features
only appear as small changes in the correlator itself. Furthermore, we have to keep in mind
that in-medium modifications in different parts of the spectrum may counterbalance each
other after the convolution. With this caveat in mind we present in Fig.16 the raw corre-
lator ratios from lattice NRQCD. The results are ordered as in the previous figures with
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Figure 16. Ratio of the raw NRQCD correlators at finite temperature with their corresponding
T = 0 counterparts. We show bottomonium results on the right and charmonium on the left.
The top row features the ratios for the 3S1 channel while in the bottom row the 3P1 results can
be found. Note that the strength of the upward bend, when compared at the same temperature
shows a clear ordering according to the vacuum binding energy of the ground state in that channel
E
Υ(1S)
b ' 1.1GeV > Eχb(1P)b ≈ EJ/ψ(1S)b ' 640MeV > Eχc(1P)b ' 200MeV.
bottomonium on the left and charmonium on the right. The top row contains the S-wave,
the bottom row the P-wave data.
Fig.16 contains valuable insight and corroborates the findings of our previous study on
sequential in-medium modification with respect to the vacuum binding energy, now with
improved precision. We find, at first sight, that in the hadronic phase the ratios all lie close
to each other, showing deviation from unity by (0.4−3)% depending on the binding energy
of the corresponding vacuum bound state. These deviations are smallest for Υ and largest
for χc.
On the other hand, once temperature rises further, significant temperature dependence
is observed, which bends the ratio upwards. The strength of this upward trend is closely cor-
related with the binding energy of the vacuum ground state, exhibiting a clearly sequential
pattern.
For the Υ channel with a vacuum binding energy of 1.1GeV the maximum deviation
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Figure 17. Low temperature region of the bottomonium 3S1 channel. Note the non-monotonous
behavior around Tc and the fact that already in the hadronic phase the ratio deviates from unity.
from unity at T = 407MeV is around 1.75%, while the χb channel with a T = 0 binding
energy of around 640MeV already shows a 6.5% change. The specific mass hierarchy of
bottom and charm quarks provides us in the charmonium sector with a particle of almost
the same binding energy as χb, which is J/Ψ. Since we only consider charmonium up
to T = 251MeV let us compare the correlator ratios at this temperature. We find that
indeed both J/Ψ and χb show a very similar ratio of 1.05 at that point. Supporting the
sequential modification further one finds that the χc state with around 200MeV vacuum
binding energy already features a deviation from unity above 12%.
Let us have a closer look at the lower temperatures. In particular the bottomonium
S-wave ratio shows a unique behavior in that the data points at the lowest temperature
actually lie above those around Tc, as shown in Fig.17. While we found first indications for
such behavior in our previous study, now with improved statistics it can be confirmed by
more than two sigma. There exists a non-monotonic behavior of the ratio as one approaches
and passes through the crossover transition. No other channel shows a similar behavior for
the lowest three temperatures.
Since in the correlator ratios we only observe the aggregate in-medium modification of
all states in a particular channel, we attempt to reverse engineer and interpret the different
modification patterns by use of a potential based computation of the in-medium spectra. To
this end we utilize the spectral functions computed in a tree-level pNRQCD approach, based
on the complex potential between two static quarks obtained recently from lattice QCD
[46]. The spectra in that study show a clear pattern of sequential in-medium modification
with the highest lying peaks being affected first. The changes in the in-medium potential,
i.e. a monotonous increase of the screening of its real-part and a concurrent growth of its
imaginary part leads to the following changes. The continuum moves to lower and lower
values, as Re[V ] asymptotes at smaller distances. On its way the continuum first pushes
the individual in-medium bound state peaks to lower masses before they melt. At the same
time the peaks broaden significantly before they dissolve into the continuum structure.
Several adjustments are needed to compute from a pNRQCD spectral function the
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Figure 18. Ratio of the in-medium to the zero temperature correlator from a tree-level pNRQCD
computation based on a recent determination of the complex heavy quark potential from the lattice.
These ratios are taken as a qualitative guide for interpreting the lattice NRQCD results. Note that
for bottomonium (left) the early melting of the higher excited states induces a non-monotonicity in
the ratio similar to that observed in the NRQCD correlator and which is absent for charmonium
(right).
corresponding Euclidean correlator, which may be compared to our raw NRQCD data. On
the one hand the ground state peak needs to be shifted to the position it takes on in lattice
NRQCD before calibration. On the other hand an IR and UV cutoff need to be selected by
hand, in order to take into account deviations of the lattice spectrum from its continuum
form. While this may change the specific value of the ratio, we find that the ordering
between temperatures and the general trends remain stable even under a variation of these
settings. In the following we use the pNRQCD correlator ratios only as qualitative guide for
interpretation. Two examples of such ratios for the bottomonium and charmonium S-wave
channel are shown in Fig.18
Several characteristics of the in-medium modification can be understood from this
exercise. We find that the main upward bend above Tc is compatible with the ground state
peak starting to move to lower masses. On the other hand the non-monotonicity around
Tc seems to be induced by changes in the excited states, where in the case of bottomonium
there are at least three, while charmonium only features one. That is, the early melting of
Υ(3S) seems to be counterbalanced by the changes in Υ(2S), since at lower temperatures
Υ(1S) is not affected by the medium in a significant fashion.
In our previous study we also saw that at small Euclidean time there were signs of an
undershoot of the ratio below unity. This region is dominated by effects in the UV and the
less pronounced nature of this dip below one, may be related to our choice of a different
Lepage parameter.
We see that the correlator ratios alone provide us with valuable insight into the sys-
tematics of quarkonium in-medium modification, in particular when coupled with intuition
derived from potential based descriptions. The next step is to investigate the reconstructed
spectral functions directly in order to extract the in-medium modification of individual
states from the NRQCD simulations.
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Figure 19. Finite temperature bottomonium (left) and charmonium (right) spectral functions
reconstructed using the BR method. The top row contains the spectral functions in the 3S1 channel,
while the bottom row features the 3P1 channel.
4.2 In-medium spectral functions
For the spectral reconstruction of in-medium quarkonium states we deploy again three
different methods, the standard BR method, its smooth variant and the Maximum Entropy
Method. We keep the same settings for the reconstructions as in the T = 0 case and simply
use the finite temperature correlators as input.
The calibration of the absolute energy scale has been performed at zero temperature
for a subset of the lattice spacings considered at T > 0. As mentioned in sec.3.2, we use a
linear fit for bottomonium and a spline interpolation for charmonium to evaluate the mass
shift C(β) for all other lattice spacings.
Fig.19 and Fig.20 show a collection of reconstructed spectral functions for bottomonium
(left) and charmonium (right) at finite temperature, which were obtained via the standard
BR and the smooth BR method respectively.
In case of the BR method, due to higher statistics and our improved reconstruction,
based on both Euclidean and imaginary frequency space data, our results show a smoother
structure at high frequencies than in our previous study. Thus all figures can be presented
in linear scale.
As was the case in our previous study we find from the BR method that from a naive
inspection by eye a well discernible lowest lying peak is present in all bottomonium spectra
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Figure 20. Finite temperature bottomonium (left) and charmonium (right) spectral functions
reconstructed using the smooth BR method. The top row contains the spectral functions in the
3S1 channel, while the bottom row features the 3P1 channel.
considered up to T = 407MeV. On the other hand in the charmonium case only in the
S-wave channel a well defined peak remains up to T = 251MeV while in the P-wave channel
it has disappeared already.
Taking a look at the smooth BR reconstructions the conclusions for the S-wave remain
largely unchanged. A well pronounced ground state peak is visible at all temperatures
for bottomonium. For charmonium up to T = 212MeV we also find a discernible peak
structure, while above the ground state peak becomes too washed out.
For the P-wave the BR` results are, by construction, much smoother than those of
the standard BR method and show a disappearance of a well defined ground state signal
at intermediate temperatures, for bottomonium at around T = 199MeV for charmonium
above T = 185MeV. In the following section we tighten these first impressions by systematic
comparison of the different reconstructions at the individual temperatures.
4.3 Melting temperatures
The concept of a melting temperature becomes difficult to define, once quarkonium is ade-
quately understood as a dynamical system, in which each state may be temporarily excited
to another state, due to medium interactions. In other words, once there is a finite thermal
width present in the spectral function the state is not simply swallowed instantaneously by
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the continuum but smoothly merges with it. One often deployed definition of the melting
temperature is the point at which the in-medium binding energy falls below the thermal
width of a state.
As we saw that even at zero temperatures with a significantly larger number of data
points we were unable to extract the excited states and continuum in a robust fashion this
will be even less possible at higher temperatures. Therefore here when we speak about
melting we simply mean: what is the highest temperature at which a peak structure for a
certain state is observed.
Studies involving different Bayesian approaches have lead to partially conflicting results
on the melting temperature of in-medium bottomonium states. In particular it was found
that studies based on the MEM would give consistently lower values as compared to the
standard BR method. In our previous study we argued that particular care needs to be
taken to understand the intrinsic methods artifacts of each Bayesian approach to extract a
meaningful value for Tmelt.
The standard BR method was found to suffer from Gibbs ringing, i.e. in case of a small
number O(10) of input data points the BR method would imprint wiggly structures into
the end result, which are not representative of a signal in the data, in turn mimicking the
presence of a remnant bound state. On the other hand we also showed that the MEM in
Bryan’s implementation with a restricted search space , when faced with an equally small
number ofO(10) of input data points may instead lead to an overly smooth result, indicating
the disappearance of an in-medium state, while it still remains encoded in the input data.
By extending Bryan’s search space we found that we are able to obtain reconstructions that
start to resemble those of the standard BR method including the artificial ringing.
From the discussion in sec.2.4 we now understand that neither the MEM nor the BR
regulator are capable of intrinsically avoiding ringing artifacts. The MEM on the other hand
introduces a manual smoothing via the additional choice of a restricted SVD search space,
which however is not guaranteed to house the correct solution. In order to implement a form
of smoothing that prevents contamination of the reconstruction by ringing in a genuinely
Bayesian fashion, i.e. implementing it via the regulator, we have developed the smooth
BR method. We showed in this study that using the hyperparameter κ = 1 it both avoids
ringing in the free spectrum case and allows us to pick up the ground state signals in the
actual interacting T = 0 case.
Let us have a detailed look at how the three methods fare for the ground state peak
in the finite temperature case in Fig.21 and Fig.22. We start with bottomonium in the
top two rows of Fig.21 in the S-wave channel. The standard BR method result is shown
as colored solid line, while the MEM result as dashed gray lines. The smooth BR method
result is plotted as the dark gray solid curve.
Several observations can be made: as was expected from the results at T = 0 the
standard BR method produces well defined sharp peaks at zero temperatures but also
even at the highest T = 407MeV. On the other hand the smooth BR method shows much
broader reconstructed peaks, whose peak position however is located very close to that
of the standard BR method. Interestingly, now that we have a smaller number of data
points available, the MEM does not produce sharper peak features than the smooth BR
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method, even at the lowest temperature T = 140MeV, where we expect that the ground
state signal has not changes significantly from that at T = 0. Instead it is the much smaller
dimensionality of the search space, which now leads to a broader reconstructed peak. Note
that the amount of smoothing in the modified BR method is a priorly governed only by κ
and not the number of available data points.
Moving to higher and higher temperatures, we find that the MEM not only shows
slightly lower amplitudes for the ground state peak than the smooth BR method but also
moves the position of the lowest lying peak to larger and larger frequencies. This effect is
reminiscent of an artifact of the MEM encountered in the study of the in-medium heavy
quark potential, where in the presence of UV structure in the spectral function the restricted
search space tends to pull the lowest lying spectral feature to too high frequencies [66, 129].
With the novel smooth BR method we instead find consistent results for the peak
position with the standard BR method and confirm that even up to T = 407MeV a well
defined remnant bump remains in the reconstructed spectrum. Even if we do not trust
the position of the MEM quantitatively we have agreement between three methods that
a remnant in-medium peak signal survives up to T = 407MeV, consistent with what was
observed in pNRQCD computations based on the complex lattice potential.
Now let us proceed to the more contended P-wave bottomonium states, where the main
discrepancy between the different Bayesian methods had been reported. Here the difference
between the MEM and the smooth BR method is even more pronounced, in that the former
already at T = 140MeV indicates a significant mass shift, while the smooth BR method
again locates the peak close to the position found by the standard BR method. Here we
also see that now the MEM (with our choice of parameters, in particular ωmin) actually
shows a stronger signal for the presence of the P-wave state than the smooth BR method.
It is interesting to note that in contrast to the truncation tests shown in Fig.13 here at
finite temperature the smooth BR method indeed gives consistently smoother reconstruc-
tions at all temperatures. This is a further indication that in the underlying correlator at
T > 185MeV there is no genuine peak structure remaining.
We conclude that the maximum temperature at which we can identify any form of a
peak-remnant in all three methods, be it in the form of a residual threshold enhancement
only, is at T = 185MeV. At higher temperatures only the BR method shows clear peaks.
They may be bound state remnants or artifacts due to ringing. One indication for the latter
is that at T = 223MeV the first peak becomes higher than the others peaks. Thus, it is
conceivable that below that temperature it still corresponds to a χb state. Therefore, we
estimate that the melting temperature of χb lies between 185MeV and 223MeV.
When comparing our results with those from the FASTSUM collaboration, two issues
have to be kept in mind. First, the results we obtain with the MEM alone are similar to what
has been reported by FASTSUM. Our point here is that using one method alone does not
provide an adequate estimate of the uncertainty in the reconstructed spectrum. Second, the
light sea quark masses used in the two calculations are different. This differences results in
different deconfinement transition temperatures and thus, different screening properties of
the medium in the considered temperature region. Therefore, some differences are expected
already at the level of the correlation functions in the two calculations. For the completeness
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Figure 21. Finite temperature spectral functions for bottomonium obtained from the standard BR
method (colored solid) the MEM (gray dashed) and the smooth BR method (dark gray solid) The
top two rows contain the results for the 3S1 channel, each panel showcasing a different temperature.
The lower two rows on the other hand contain the 3P1 spectra.
let us note that the tree-level pNRQCD analysis predicts a melting at T ≈ 220MeV.
We next turn to charmonium spectral functions shown in Fig.22, again with the S-
wave results in the top two rows and the P-wave results in the bottom two rows. It is
interesting to see that for the S-wave the MEM shows rather strong spiky features in the
UV, while both variants of the BR method show a much smoother continuum regime. Here
the ordering of the three methods is similar as in the T = 0 case, where the MEM resolves
peaks with a sharpness in between the standard and smooth BR methods. We find that
while the standard BR method and the MEM show a well defined ground state peak up
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Figure 22. Finite temperature spectral functions for charmonium obtained from the standard BR
method (colored solid) the MEM (gray dashed) and the smooth BR method (dark gray solid) The
top two rows contain the results for the 3S1 channel, each panel showcasing a different temperature.
The lower two rows on the other hand contain the 3P1 spectra.
to the highest temperature T = 251MeV the smooth BR method only find a significant
feature up to T = 212MeV, with the structure essentially washed out at T = 251MeV.
In the charmonium P-wave channel the MEM at low temperatures T < 185MeV shows
a very similar behavior to the smooth BR method, while starting to produce more wiggly
artifacts in the UV at higher temperatures. We thus find a similar result among the two
methods for the disappearance of a well defined ground state structure at or above T =
185MeV.
The values for the melting temperatures found in this study lie close to the values
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Particle sXJ(n) T
NRQCD
melt [MeV] T
pNRQCD
melt [MeV]
Υ 3S1(1) > 407 412(76)
χb1
3P1(1) 185− 223 220(10)
J/Ψ 3S1(1) 200− 210 212(13)
χc1
3P1(1) ≈ 185 183(13)
Table 5. Estimates of the melting temperatures from lattice NRQCD (left column) compared to the
predictions from tree-level pNRQCD based on the complex heavy quark potential from Nf = 2 + 1
lattice QCD.
predicted by a tree level pNRQCD computation based on a recently determined complex
heavy quark potential from the lattice [46, 48]. While this is encouraging from the point of
view of consistency between non-relativistic approaches, several caveats are present. First
of all, as mentioned, the definition of the melting temperature in the two computations
is different. Secondly, the discrepancy for the bottomonium P-wave states indicates that
the agreement for charmonium P-wave may be simply accidental. And indeed we saw that
already at zero temperature the P-wave states were more challenging to capture due to the
larger contribution from the continuum and the intrinsically smaller strength of the ground
state.
The above discussion of melting temperatures relied on the determination of the spec-
tral property of peak height or peak area, which is known to be rather challenging for
Bayesian reconstruction methods in general. On the other hand the reconstruction of the
position of spectral features is much more robust and often accessible from simulation data,
for which a determination of peak widths is still out of reach. We will proceed to an
investigation of the corresponding in-medium mass shifts in the next section.
4.4 Ground state mass shifts
The main quantitative result of this study is presented in this section, a determination of
the in-medium mass shifts of S-wave and P-wave quarkonium states. This analysis com-
bines several pieces of information, which we have gathered along the way of the preceding
sections. All necessary ingredients are shown in Fig.23 with the bottomonium results on
the left and charmonium on the right. The top row showcases the S-wave channels, while
the P-waves are found in the bottom row. In each of the four panels we put side by side
three different data sets, all obtained with the standard BR method.
The dark blue crosses denote the masses extracted from the full T = 0 correlator data
sets and we put the PDG value as reference as solid blue line. As we have discussed in
sec.3.5 these values, however, are not the correct baseline to which our in-medium results
shall be compared, as they are obtained from a significantly different set of data points,
most importantly with a much larger Euclidean physical extent. Instead we have argued
that the masses obtained after truncating the T = 0 correlators to τmax/aτ = 12 provide us
with the same methods systematics, as the reconstructions actually carried out at T > 0.
The values of these truncated reconstructions are plotted as gray squares in Fig.23. The
actual in-medium masses obtained from fitting the finite temperature spectral functions of
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Figure 23. The in-medium masses of quarkonium in lattice NRQCD together with the appropriate
baseline from a truncated T = 0 reconstruction. All data points are obtained with the standard
BR method with bottomonium results on the left and charmonium on the right. We present the
S-wave channels in the top row and the P-wave channels in the bottom row. Three sets of points
are contained in each panel: Dark blue crosses denote the reconstructed peak position at zero
temperatures, arising from lattices with the same lattice spacing used in the corresponding finite
temperature mass estimate given as colored triangles. The x-axis therefore carries both labels for
temperature in MeV and the lattice β parameter. The PDG ground state mass is given as blue solid
line. The gray filled squares on the other hand denote the masses extracted from the truncated
T = 0 input data sets and represent the correct baseline to which the in-medium masses need to
be compared to. The area right of the gray separator refers to the temperature range in which the
smooth BR method indicates that the standard BR method may not provide a robust determination
of the ground state peak.
Fig.19 with a Breit-Wigner type ansatz are given as colored triangles. We have inserted a
gray separator in the P-wave plots indicating the temperature beyond which the smooth BR
method indicates that the standard BR method may not provide a robust determination of
the ground state peak.
Choosing the appropriate baseline is essential for understanding the physics of the in-
medium mass shift. While at first sight a comparison of the full T = 0 masses with their
T > 0 counterpart would have suggested that the in-medium mass shift actually moves
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Figure 24. In medium mass shifts for bottomonium (left) and charmonium (right). The S-wave
channel is depicted in the top row, the P-wave channel in the bottom row. The area right of the
gray separator refers to the temperature range in which the smooth BR method indicates that the
standard BR method may not provide a robust determination of the ground state peak.
the particle masses to larger values, we argue that the opposite is true. The reconstructed
in-medium mass is actually smaller that the proper T=0 reference obtained with twelve
data points.
This behavior of a shift towards lighter masses is fully consistent with findings from
non-perturbative tree-level pNRQCD computations of spectral functions based on a recently
computed complex heavy quark potential from the lattice [46]. When in the potential
picture the real-part of the potential becomes more and more screened the effect it has on the
in-medium states is that their masses move towards lower values before smoothly dissolving
into the continuum. Note that weak-coupling pNRQCD computations that assume the
scale hierarchy mv ∼ 1/r  T do lead to a positive mass shift instead [130], while the weak
coupling pNRQCD computation that assume mv ∼ gT lead to a negative mass shift [70].
Our study is the first and the only study in which a behavior consistent with the poten-
tial picture emerges. Note that in previous NRQCD studies by the FASTSUM collaboration
[112], as well as in the works with the relativistic heavy quark formulations [104] a similar
upward trend in the raw results (colored points in Fig.24) is observed. However, since these
studies use the naive baseline from the untruncated T = 0 correlators, they arrive at an
opposite conclusion compared to us.
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The behavior of the in-medium masses compared to the appropriate baseline also agrees
with intuition. For the bottomonium states at T = 140MeV the medium is still too weak
to induce any significant changes in the ground state. For Υ essentially up to T = 173MeV
only a minute shift to lower values persists. Above T = 185MeV on the other hand this shift
becomes substantial and grows up to the highest temperature considered, T = 407MeV.
For χb the shift appears to go beyond the uncertainties already at T = 160MeV.
In charmonium, as was expected already at T = 140MeV both S-wave and P-wave
states show a significant in-medium shift towards smaller values of the mass. While it may
be difficult to judge from due to different resolution of the y-axis, the shift in the P-wave
channel of charmonium starts off from a larger value than in the S-wave case.
We have collected the values of the in-medium mass shifts in Fig.24 all plotted with
the same scale for comparison purposes. The bottomonium mass shifts show a clear linear
tendency, with only the data point at T = 173 being slightly out of place. We have rechecked
the analysis of this ensemble but could not find any indications for pathological behavior
of the spectral reconstructions.
The charmonium S-wave mass shifts seem to also follow a linear trend up to T =
173MeV and then falling off more rapidly. The uncertainties for the P-wave mass shift
are still too large to make a conclusive statement about a trend there. We should remark
that due to the relatively small value of Mca on our lattices there are certainly significant
radiative corrections expected, which we have not yet taken into account here.
We are therefore confident that the observed negative mass shifts are a manifestation
of the physical in-medium modification of heavy quarkonium.
5 Summary and Outlook
5.1 Summary of the study
We have presented the final results of a multi-year investigation of in-medium quarkonium
properties, based on a combination of state-of-the-art lattice QCD simulations of the QCD
medium with Nf = 2 + 1 light flavors by the HotQCD collaboration (sec. 2.1) and the
effective field theory, NRQCD up to order O(v4) (sec. 2.2). Compared to our previous
published study, we have enlarged the temperature range under consideration, have sig-
nificantly increased the statistics in our simulations and have included charmonium in our
investigation.
We furthermore deploy improved Bayesian strategies for spectral function reconstruc-
tion (sec. 2.3). On the one hand the standard BR method has been set up to take into
account data not only along the Euclidean time domain but also in imaginary frequencies,
which stabilizes the high frequency behavior of the reconstructions. On the other hand, to
systematically address the issue of ringing in Bayesian reconstructions, we deploy a recently
developed smooth variant of the BR method, in which an additional smoothing mechanism
is incorporated in a genuinely Bayesian and self-consistent fashion. Using the known free
spectral functions, we tune the smoothing such that no ringing artifacts survive in the
reconstructions (Fig. 2).
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Considering several different splitting between the P-wave and S-wave states as a bench-
mark (Fig.6), we quantified the inherent systematics in the NRQCD simulation at zero
temperature (sec.3.1). We found that even though we did not tune the heavy quark masses
it was possible to reproduce most splittings in a satisfactory manner, i.e. within at most
35MeV. The spin-orbit coupling related splittings for charmonium and the S-wave hyperfine
splitting for both bottomonium and charmonium were the most challenging. It is known
that the latter requires both higher orders in the velocity expansion and one loop order
corrected Wilson coefficients.
The higher statistics allowed us to extract the ground state masses consistently with
both simple effective mass fits (Tab.3), as well as full Bayesian spectral reconstructions
(Tab.4 and Fig.9) . With the largest deviations of the the masses from their PDG values
being around 35MeV the outcome of the simulation proved satisfactory. Interestingly several
mass splitting for charmonium are even better reproduced than for bottomonium. I.e. for
charmonium all computed ground states masses, except for the 3P2 state, are within 2σ
of their PDG values. Since in anticipation of the T > 0 study we use simple point source
correlators the estimates for the excited states were still rather imprecise.
In order to understand better the physics content of the correlators, we also carried
out constrained model fits using a two peak and two-box spectrum (Fig.11), which allowed
us to reproduce the correlator within its uncertainties. An inspection of the raw correlator
after subtracting ground and first excited state contributions further revealed that only four
to five τ points remain to encode all intricate structure around the threshold. This clearly
showed that we cannot expect to recover more detailed information about the excited states
content of the quarkonium channels with the current data quality.
Once the smooth BR method had been tuned to avoid ringing artifacts, we further
checked with T = 0 data that in case of a genuine peak signal being present in the correlator,
the method remains capable of identifying it (Fig.10). Furthermore, in preparation for the
T > 0 study we investigated how limiting the accessible Euclidean time extent affects the
reconstruction outcome. To this end we truncated the correlator at each lattice spacing to
the same physical extent as is available at the corresponding finite temperature simulations
and repeated the spectral reconstruction based on it(Fig. 39). This procedure allowed us
to identify a shift to higher frequencies as well as a broadening as main artifacts (Fig.15),
similar to what we observed in our previous publication.
Moving toward finite temperature we first investigated the ratio of in-medium corre-
lators to their vacuum counterparts (Fig.16). Their behavior corroborated with improved
precision the findings from our previous study. The overall in-medium modification is hi-
erarchically ordered with the vacuum binding energy of the ground state. Using intuition
from a pNRQCD computation with a complex potential (Fig.18) we interpreted the tem-
perature dependence of the ratios in more detail. We note that unprecedented precision on
the finite temperature correlators have been reached, the statistical errors on the correlators
are at the level of one tenth of a percent on less. This implies that our lattice results can
provide stringent checks on the validity of pNRQCD calculations of the spectral functions.
The in-medium spectral reconstructions we presented subsequently (Fig.19) were used
to study different properties of in-medium quarkonium. We started with the more chal-
– 54 –
lenging property of peak-area or peak height in order to determine a melting temperature
for the ground state. Comparing the MEM, the standard BR, as well as the smooth BR
method (Fig.21 and Fig.22) we found that for the bottomonium S-wave all three methods
shows a ground state remnant up to T = 407MeV= 2.63Tc. For the P-wave all methods
indicate an in-medium bound state up to T = 185MeV= 1.19Tc. Investigating in detail
the behavior of the standard and smooth BR method, we conclude that melting happens
between T = 185 − 223MeV= 1.19 − 1.44Tc. A similar analysis for charmonium gives a
melting range for the S-wave of T = 200 − 210MeV= 1.29 − 1.35Tc. The charmonium
P-wave appears to melt just above T = 185MeV= 1.19Tc.
Let us stress that using the same Bayesian method than previous studies (MEM), we
obtain very similar reconstructions. Our point is that using just a single method does not
allow us to estimate the methods uncertainty and indeed a comparison with BR and smooth
BR leads us to melting regions instead of a single temperature.
The last part of this study also bears its main quantitative result, the in-medium mass
shifts of the different quarkonium ground state particles. Since peak position is a much
more robust feature than peak height or area, we were able to present values here with
relatively high precision, indicating that the medium leads the former vacuum states to
become lighter (Fig.24). An important part of understanding the physics of the in-medium
mass shifts is related to using the correct baseline for comparison with the vacuum results,
for which we argue one should not use the results from the full T = 0 spectral reconstruction
but instead that from a reconstruction based on the truncated correlator data sets (Fig.23).
Only in this way the same systematics, related to the same available Euclidean time extent,
are present in both reconstructions.
The in-medium mass shifts obtained this way are in qualitative agreement with those
from a non perturbative tree-level pNRQCD based computation using the recently deter-
mined complex heavy quark potential from the lattice [46]. The behavior is opposite to
that obtained in weak-coupling pNRQCD which tells us that the underlying scale hierarchy
mv  T [130] is not applicable here.
Our results are the first ones that conclude on a consistent behavior among different
non-relativistic non-perturbative descriptions, i.e. pNRQCD with a lattice QCD potential
and direct lattice NRQCD. The reason lies in the careful construction of an appropriate
T = 0 baseline, the raw values for the in-medium masses are qualitatively consistent with
those found in previous works.
On the one hand our results are encouraging: we are able to extract quarkonium spectral
functions with a level of precision, sufficient that relevant quantitative information such as
the in-medium mass shifts of the ground state can be robustly estimated. However, the
present calculations do not constrain the shape of the spectral function very well. Therefore
we critically discuss in the next section the prospects for improving on the results presented
here.
5.2 Future prospects
When contemplating how to improve spectral reconstructions there are two routes to con-
sider. On the one hand we may attempt to further push the improvement of Bayesian
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Figure 25. Mock data tests on the prospects for improving spectral reconstruction by going closer
to the continuum limit. In the top row we show a T = 0 mock test with the mock spectrum (dashed
gray) consisting of four sharp Breit-Wigner peaks ordered according to the PDG Υ channel masses.
The lowest peak is located at the frequency found in the raw NRQCD correlator at β = 6.664. in
the top left panel the mock spectrum is encoded as Nτ = 32 correlator with the same temporal
spacing as at β = 6.664. Reconstructions based on input with different relative errors are given as
blue solid lines. The top right panel shows the outcome if instead a twice as small lattice spacing
and Nτ = 64 is used. In the bottom row a challenging T > 0 scenario is considered with a widened
Breit Wigner and a small threshold enhancement. Reconstructions in the bottom right panel arise
from correlator data with Nτ = 12 and the same spacing as at β = 6.664, while in the bottom right
panel twice the resolution and Nτ = 24 is used.
techniques. We now understand that ringing affects both the MEM, as well as the BR
method and constitutes an issue that needs to be tackled. In this study e.g. we have de-
ployed a recently developed smooth version of the BR method, which however is more of a
cure for symptoms than of the origin of the ringing deficiency it is supposed to eliminate.
Therefore it can only constitute an intermediate step towards a novel Bayesian approach,
with a regulator specifically designed to avoid such artifacts.
Ringing in the spectral function of two-point correlation functions may be understood
to arise from poles artificially populating regions of the complex plane inadmissible in
physical field theory. Therefore we need to ask how our knowledge about this analytic
structure of correlation functions can be encoded in the language of the prior probability,
i.e. in the form of a regulator functional. Recent studies of the spectral function of gluons
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[131] have e.g. proposed to introduce different types of functional search spaces, encoding
the admissible structure of poles in the complex plane. At this stage this is an external
constraint added to the reconstruction and further work is necessary to understand how it
can be implemented in a genuine functional language.
The second route to consider is an improvement in the quality of the available simulation
data. This in particular means how many points along Euclidean time are available and
with what size of statistical errors are they known. In NRQCD the spatial lattice spacing,
as cannot be too small. To avoid large radiative corrections asM has to be sufficiently large.
Therefore, in order to have large Nτ one has to use anisotropic lattice with temporal lattice
spacing aτ < as. Efforts in this direction have been undertaken by FASTSUM collaboration
using lattice simulations with Wilson fermions at larger than the physical pion mass. A
dedicated high statistics calculation with physical quark masses and large anisotropies would
be desirable. One should be aware, however, that increasing Nτ alone cannot solve all the
problems with reconstruction of the spectral functions. Ground state properties, such as
in-medium mass and width are encoded in the low ω region of the spectral function, which
in turn is sensitive to the large τ behavior of the Euclidean correlation functions. The
Euclidean temporal extent in physical units is limited by the inverse temperature and
becomes small when the temperature is high. Therefore, resolving bound state properties
at high temperatures will be always more difficult compared to the case of zero and low
temperature, no matter how large Nτ is. Finally to benefit from the larger number of time
slices available for Bayesian reconstruction eventually also the statistical error should be
reduced. Adding additional data points on the correlation function only helps when the
data at two neighboring time-slices are different by few standard deviations.
To understand the various issues listed above we have carried out mock data tests shown
in Fig.25. In the top row we have used a mock spectrum consisting of four Breit-Wigner
peaks with the physical spacing between the Upsilon channel bound states. The position
of the lowest peak has been chosen to agree with that found in NRQCD at β = 6.664. We
omit any continuum like structure in the UV in this first test. In the top right panel we
have encoded the mock spectrum in a correlator of Nτ = 32 points using the same lattice
spacing as at β = 6.664. We find, consistent with our study, that with a relative error of
∆D/D = 10−3 in the input data, we can capture the ground state peak quite well and
get a partial handle on the first excited state. Interestingly, even with ∆D/D = 10−4 the
third peak cannot be resolved. Now if we encode the same spectrum with a twice as fine
resolution along Euclidean time and hence Nτ = 64 we obtain the results shown in the
top right panel. We find that the reconstruction does not improve significantly, the third
and fourth peaks cannot be resolved. Thus to obtain information about second and higher
excited states even larger (Nτ > 64) lattices should be used. The above mock data test
as well as the calculation performed in the present study are based on point like meson
sources. One way to get a better control over the excited states in such a vacuum-like
scenario would be the use of extended sources.
Let us proceed with an even more challenging mock data test, shown in the lower two
panels of Fig.25. Here we use a mock spectrum consisting of a widened ground state peak
and a tiny threshold enhancement on top of a well pronounced continuum, extending into
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Figure 26. A selection of Lattice NRQCD bottomonium spectral function in the absence of
interactions in the thermodynamic limit at Lepage parameter n = 4. The S-wave channel is shown
on the left, the P-wave channel on the right.The curves correspond to a representative selection of
the values of asMb labeled by the corresponding β values of the HotQCD ensembles.
the UV. When reconstructed from Euclidean data with Nτ = 12 with the same resolution as
for β = 6.664 we find for realistic ∆D/D = 10−3 the expected shift to higher frequencies, as
well as a failure to capture the continuum. Now if in this case we increase the resolution, the
reconstructions of the lower right panel ensue. We do not see significant improvement from
using Nτ unless the relative errors are 10−4. This corroborates our previous statement that
increase in Nτ should be accompanied by decrease in statistical errors. When the relative
error is at the level of 10−4 the Bayesian reconstruction correctly reproduces the continuum
part of the spectral function. Thus, increasing Nτ will eventually solve the ringing problem
in the Bayesian analysis. On the other hand the description of the spectral function in the
peak region did not improve when increasing Nτ from 12 to 24. Thus, for any improved
description of the ground state peak even larger Nτ should be used.
In summary, dedicated NRQCD calculations using anisotropic lattices with large Nτ
and physical pion masses have the potential to improve the current situation. In particular
the ringing problem can be significantly reduced by using larger Nτ . However, the determi-
nation of quarkonium bound state properties at high temperature will be still challenging.
On the other hand, NRQCD calculations can provide very precise information on the
Euclidean correlation functions. This information can be used to constrain pNRQCD cal-
culations and a combination of NRQCD and pNRQCD analyses, as already hinted at in
the discussion of Fig.18 in this manuscript, should lead to much improved understanding
of in-medium quarkonium properties.
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Figure 27. A selection of lattice NRQCD charmonium spectral function in the absence of
interactions in the thermodynamic limit at Lepage parameter n = 8. The S-wave channel is shown
on the left, the P-wave channel on the right.
A Free Theory Computations
Determining the quarkonium spectra in the absence of interactions allow us to learn vital
aspects of the lattice discretized theory of NRQCD, which also affect the interacting spec-
trum. In particular it elucidates the deformation of the UV regime. In a relativistic lattice
theory the spectrum can maximally be populated up to to a limiting value [132, 133], e.g.
for Wilson fermions
ωWilsonmax
T
≈ 2nτ log
[
1 +
6 + am
ξ
]
. (A.1)
The behavior in a non-relativistic theory such as NRQCD is very different, in particular
since no naive continuum limit exists.
The EFT approach instead relies on the separation of scales between ΛQCD/Mb  1,
T/Mb  1 and p2/2Mb  1. For each ratio of these scales an individual effective theory is
formulated, which is distinguished by the actual values of the Wilson coefficients entering
its Lagrangian. If we wish to approach the continuum limit on the lattice the corresponding
EFT would receive ever larger contribution to the Wilson coefficients as higher and higher
scales need to be integrated out.
On the lattice we may formulate the scale separation for the spatial momenta in terms
of their lattice representation in the first Brillouin zone
pˆ2 = 4
3∑
i=1
sin2
(pini
Ns
)
, ni = −Ns
2
+ 1, . . . ,
Ns
2
(A.2)
and the so called effective mass parameter Mˆ = 2nξasMb. as denotes the spatial lattice
spacing, ξ the renormalized anisotropy and n the Lepage parameter used to discretize the
time evolution of the propagator in a simple forward scheme in (2.4).
In this Euler-like scheme it was shown [134] that on isotropic lattices (ξ = 1) a value
of n = 1 leads to a well defined UV behavior of the evolution if asMb > 3 or asMb > 1.5 if
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Figure 28. A selection of lattice NRQCD bottomonium spectral function in the absence of
interactions on 483 lattices at Lepage parameter n = 4. The S-wave channel is shown on the left,
the P-wave channel on the right. The different colors correspond to a representative selection of
the values of asMb labeled by the corresponding β values of the HotQCD ensembles. (top) The
full frequency range populated by the free spectral functions is shown, note its extrusion up to very
high frequencies for fine lattices. (bottom) Zoom-in of the low frequency regime. Here we wish
to emphasize that the finer the lattice is, the fewer modes are available as constituents of possible
spectral features.
n = 2. The eventual breakdown of the NRQCD expansion is understood from considering
the non-interacting dispersion relation discussed in [109, 112].
Defining the non-interacting lattice Hamiltonian via (2.4), we obtain the free dispersion
relation
aτEpˆ = 2nLog
[
1− 1
2
pˆ2
2nξasMb
]
(A.3)
+Log
[
1 +
(pˆ2)2
16nξ(asMb)2
+
(pˆ2)2
8ξ(asMb)3
− pˆ
4
24ξ(asMb)
]
where the negative sign already in the first term signals that very large energy eigenvalues
may be encountered.
The corresponding spectral functions are obtained from (A.3) and take the following
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form
ρS(ω) =
4piNc
N3s
∑
pˆ
δ(ω − 2Epˆ),
ρP (ω) =
4piNc
N3s
∑
pˆ
pˆ2δ(ω − 2Epˆ), (A.4)
which needs to be evaluated numerically. As expected we are facing a spectrum composed
out of a large number of delta peaks, which for any finite volume require binning. Often
the free spectral function in the thermodynamic limit is quoted in the literature, which
we plot in Fig.26 for bottomonium and in Fig.27 for charmonium. The only parameter
entering the computation is asMq, for which we take the values on the HotQCD lattices
from Tab.2 and label each curve with the corresponding value of β. We would like to note
that on the other hand on realistic finite lattices, when using a frequency resolution that
is equal to that of the frequency bins selected in the spectral reconstruction approaches,
the actual spectrum is far from the smooth function at infinite volume. As an example we
plot the free bottomonium spectral functions with a frequency binning of ∆ω = 30MeV in
Fig.28. In this case it is much more difficult to make out distinctive features, such as the
kink observed at V =∞.
The normalization of this spectral function differs from that naively computed on a
lattice with unit links, due to the choice of initial sources in the propagator evolution.
Another reason is that the first step in (2.4) only contains the leading order terms of the
Hamiltonian.
The choice of n = 4 for bottomonium and n = 8 for charmonium can also be discussed in
this context. For the highest temperature at which we consider bottomonium T = 2.56Tc
the relevant product as(β = 7.825)Mb = 0.95, which only allows a stable propagator
evolution if n > 3. One may be alerted by the fact that the naive expansion parameter in
this case is larger than unity, however with the appropriate choice of n the IR properties of
the spectrum are only mildly affected. On the other hand the UV regime of the spectrum
now contains quite a lot of non-physical contributions and is only cut off far beyond the
original inverse lattice spacing. For charmonium the situation is worse. To make sure that
our choice of a large n does not start to influence the low momentum regime significantly,
we decide to keep n = 8 and limit the temperature range considered to the maximum of
T = 1.58Tc where as(β = 7.280)Mc = 0.42 is around half of that of bottomonium at its
highest temperature. Note that if we had over-stepped the stability bound for NRQCD the
spectrum would become populated up to infinitely high frequencies.
For bottomonium we had previously studied the effect of varying n on the interacting
spectral function [121] and found that changing from n = 2 to n = 4 lead to changes in the
spectrum only above ω > 1GeV and even there only very mildly, so that a further increase
to n = 8 appears unproblematic.
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B Reconstruction methods survey
While we have already discussed differences in the spectral reconstruction based on the
standard BR method, its smoothed variant with κ = 1 and the MEM, let us compare here
to further reconstruction prescriptions discussed in the literature. This includes the MEM
with extended search space [127], as well as as the Jakovac prescription [97] for the selection
of an alternative search space.
Let us begin with the extended MEM. Instead of using only the first Nτ columns of
the Nω × Nω sized matrix U arising in the singular value decomposition of the transpose
Kernel Kt = UΣV t it uses a larger number of columns. In that way one may systematically
enlarge Bryan’s search space eventually recovering the full search space. It has been shown
that in general the global extremum of the posterior is not located in Bryan’s search space
[127], while it has been proven to be unique in the full search space [85].
As we argued in sec.2.4 the Shannon Jaynes entropy is not intrinsically safe from
ringing artifacts, just as the BR regulator. It is instead the limited dimension of the
search space that manually suppresses wiggly features. This issue is clear in the case of
T = 0 reconstruction compared in Fig.29. We find that with Nτ = 64 and our choice of
ωnummin = −0.15 the MEM manages to capture the ground state signal reasonable well in
both the S-wave (top) and P-wave (bottom) channel. On the other hand it also produces
highly oscillatory artifacts in the UV, which make the distinction between physical bound
state and methods artifact rather difficult.
Now if we further enlarge the search space by e.g. 32 additional columns of U in
the extended MEM, the situation worsens, since the additional basis functions are highly
oscillatory and their contribution is not suppressed by the regulator. The relatively large
error-bands from the Jackknife re-sampling are a manifestation of this issue.
As further comparison we carry out the MEM based on the Jakovac prescription for
the search space. By solving a self-consistent equation for the form of its basis functions
it proposed to use the Nτ columns of the transpose Kernel themselves as basis functions.
If the spectral reconstruction were a genuinely linear problem, this prescription, as well
as Bryan’s SVD search space should in principle be equivalent. What we find is that the
Jakovac prescription produces very smooth reconstructions, shown as dark dashed lines in
Fig.29. Interestingly it shows a very similar behavior as the standard BR method in the UV
(gray dashed line). On the other hand we find that its ability to reconstruct the ground state
position is comparatively weak, leading to either values slightly below (S-wave) or slightly
above (P-wave) the value determined consistently by the BR method and the effective mass
fits.
At finite temperature the number of basis functions is significantly reduced compared
to the T = 0 case. As is to be expected and visible in Fig.30, the MEM thus also produces
smooth results. Adding additional columns of U to the search space in the extended MEM
does not yet lead to the appearance of significant wiggling in the range of frequencies
considered here. In the S-wave case (top) the Bryan and extended MEM show a similar
behavior as the smooth BR method at small frequencies but start to show wiggles at higher
frequencies. The Jakovac method on the other hand shows a very similar UV behavior as
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Figure 29. Representative examples of the methods dependence of the bottomonium spectral
reconstructions at zero temperatures (β = 7.280). We depict the S-wave channel in the top row,
the P-wave channel in the bottom row. There are five different methods compiled here: two versions
of the BR method, the standard one as light gray dashed line and the smooth BR method as dark
gray solid line. They are contrasted to three different MEM realizations, the Bryan implementation
(light blue solid), the extended MEM with additional 32 basis functions (darker blue solid) as well
as the Jakovac MEM as dark violet dashed line.
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Figure 30. Representative examples of the methods dependence of the bottomonium spectral
reconstructions at T = 192MeV. We depict the S-wave channel in the top panel, the P-wave channel
in the bottom panel with the same color and line coding as in the T = 0 comparison.
the smooth BR method, however its ground state peak sits at a position even below the
agreed upon T = 0 position of the peak.
In the P-wave channel at high temperatures all MEM implementations show a similar
behavior at low frequencies, again with a systematic pull of the lowest lying structure to
higher frequencies than what is picked up by the smooth BR method. Adding more basis
functions the Bryan’s search space in this case leads to the appearance of stronger wiggly
structures in the UV.
The results of this section tell us that on the one hand extending the MEM search
space beyond Bryan’s prescription will lead to an increased presence of ringing artifacts, as
the Shannon Jaynes prior is unable to suppress unphysical wiggles by itself. Secondly the
Jakovac implementation of the MEM seems to provide a well controlled reconstruction of
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Figure 31. Representative examples of the probability distribution over the hyperparameter α
used in the self consistent determination of the most probable spectrum at zero temperatures. We
show here bottomonium results, the top row contains the S-wave results, the bottom row the P-wave
channel.
the UV features of the spectra, however it comes at the cost of a distorted reconstruction at
small frequencies, which prevents its use as precision tool for the determination of ground
state masses. As a tool for the qualitative elucidation of spectral features it still remains a
valid option, as it does not seem to suffer from significant ringing artifacts.
For a quantitative investigation of spectral features however the combination of smooth
and standard BR method seems to be the current best option. The former prevents ringing
and thus makes possible a robust qualitative assessment of whether genuine bound state
features are present, while the latter then permits the most accurate determination of their
properties.
Hyperparameter marginalization in the MEM
The MEM based reconstruction, at low and finite temperature, shown in the main part
of this text use the standard Bryan approach, in which the most probable spectrum is
obtained from a scan through the hyperparameter α. For each spectrum reconstructed for
a specific value of α, a probability is computed over which the results are finally averaged.
In this appendix we collect for completeness representative examples of these probability
distributions.
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Figure 32. Representative examples of the probability distribution over the hyperparameter α
used in the self consistent determination of the most probable spectrum at zero temperatures. We
show here charmonium results, the top row contains the S-wave results, the bottom row the P-wave
channel.
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Figure 33. Representative examples of the probability distribution over the hyperparameter α
used in the self consistent determination of the most probable spectrum at finite temperatures.
We show here bottomonium results, the top row contains the S-wave results, the bottom row the
P-wave channel.
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Figure 34. Representative examples of the probability distribution over the hyperparameter α
used in the self consistent determination of the most probable spectrum at finite temperatures. We
show here charmonium results, the top row contains the S-wave results, the bottom row the P-wave
channel.
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C Additional reconstruction comparison and robustness tests
Charmonium constrained model fits
In Fig.35 we present for completeness the results for the zero temperature constrained model
fits for charmonium, which was not discussed explicitly in the main text. The conclusion
remain the same. One may note the slight discrepancy between the constrained model fit
and the BR reconstruction for the P-wave ground state peak, which we understand to arise
from the difficulty of choosing an appropriate fit range for the former by eye.
Truncation tests at T=0
The results of the truncation tests at T = 0 of the bottomonium 3P1, the charmonium 3S1,
as well as 3P1 channels not discussed explicitly in the main text can be found in Fig.36,
Fig.38 and Fig.38 respectively. In all cases the same type artifacts appear, which include a
shift to higher masses of the ground state peak and a significant broadening of its width.
The values for the mass shifts are depicted in Fig.23
Comparison of truncation vs. finite temperature effects
Further illuminating comparisons supporting our discussion of the melting pattern of the
quarkonium states concern spectral reconstructions obtained at T = 0 from truncated corre-
lator sets with those obtained directly at finite temperature. Starting with the bottomonium
3S1 channel in Fig.40, we show in the top two rows the comparison for the standard BR
method, while in the bottom two rows that for the smooth BR method. The bottomonium
3P1, as well as charmonium 3S1 and 3P1 channel can be found in Fig.41, Fig.42 and Fig.43
respectively.
Explicit default model dependencies
All of our quantitative determinations of zero temperature and in-medium masses include
an estimation of statistical and systematic uncertainties. For the former we deploy a ten-
bin Jackknife, while for the latter we repeated the spectral reconstructions with different
default models, varying both the amplitude and functional form ofm(ω) = m0(ω−ωmin+1)γ
between m0 ∈ [0.1, 10] as well as γ = {0, 1, 2,−1,−2}. Here we provide explicit illustrations
of the effect this change in default model has on the reconstruction of the full spectral
function.
We see in Fig.44 that at zero temperatures the ground state peaks in both the S-wave
and P-wave channel remain virtually unaffected, the availability of a relatively large number
of data points τmax/a ≥ 32 as well as correspondingly large Euclidean extent are the reason.
On the other hand the higher lying structures, either a manifestation of excited states or
the continuum do show a significant dependence on the choice of m. This is reflected also
in the large systematic errorbars on the excited states masses in Fig.9.
At finite temperature in Fig.45 the robustness of the ground state extraction is weaker,
due to the smaller Euclidean extent, as well as the relatively small τmax/a = 12. Neverthe-
less due to the comparatively high statistics present in our study the ground state features
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Figure 35. Constrained model fits (gray) compared to the spectral reconstruction based on the
standard BR method at T = 0.The top two panels show S-wave charmonium on the coarsest
β = 6.664 (left) and finest β = 7.825 (right) lattices. The lower two panels on the other hand
contain the results for P-wave charmonium again for both the coarsest β = 6.664 (left) and finest
β = 7.825 (right) lattices.
appear well under control. The corresponding uncertainty is reflected in the errorbars of
Fig.23 and Fig.24.
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Euclidean time extent available at finite temperature for bottomonium 3P1 channel. The full
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solid curves.
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Figure 37. Influence of truncating the low-temperature simulation data to the same τmax/aτ =
12 Euclidean time extent available at finite temperature for charmonium 3S1 channel. The full
reconstruction given by colored solid lines, while the result after truncation is given by the gray
solid curves.
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Figure 39. Influence on the smooth BR reconstruction from a truncation of the low-temperature
simulation data to the same τmax/aτ = 12 Euclidean time extent available at finite temperature.
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Figure 40. Comparison of the (top) BR truncated at T = 0 and at T > 0 (bottom) the same
comparison for the smooth BR method in the 3S1 bottomonium channel. Note the difference in
statistics available between T = 0 and T > 0 here. For Charmonium the statistics in the two cases
are the same.
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Figure 41. Comparison of the (top) BR truncated at T = 0 and at T > 0 (bottom) the same
comparison for the smooth BR method in the 3P1 bottomonium channel. Note the difference in
statistics available between T = 0 and T > 0 here. For Charmonium the statistics in the two cases
are the same.
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Figure 42. Comparison of the (top) BR truncated at T = 0 and at T > 0 (bottom) the same
comparison for the smooth BR method in the 3S1 charmonium channel. Here we have the same
statistics at T = 0 and at T > 0.
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Figure 43. Comparison of the (top) BR truncated at T = 0 and at T > 0 (bottom) the same
comparison for the smooth BR method in the 3P1 charmonium channel. Here we have the same
statistics at T = 0 and at T > 0.
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Figure 44. Representative examples of the default model dependence of the spectral reconstruc-
tions at zero temperatures (β = 6.664). Bottomonium results given on the left, charmonium on the
right. We depict the S-wave channel in the top row, the P-wave channel in the bottom row.
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Figure 45. Representative examples of the default model dependence of the spectral reconstruc-
tions at T = 251MeV. Bottomonium results given on the left, charmonium on the right. We depict
the S-wave channel in the top row, the P-wave channel in the bottom row.
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